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Abstract In this paper, we address non-preemptive online
scheduling of parallel jobs on a Grid. Our Grid consists
of a large number of identical processors that are divided
into several machines. We consider a Grid scheduling model
with two stages. At the first stage, jobs are allocated to a suit-
able machine, while at the second stage, local scheduling is
independently applied to each machine. We discuss strate-
gies based on various combinations of allocation strategies
and local scheduling algorithms. Finally, we propose and an-
alyze a scheme named adaptive admissible allocation. This
includes a competitive analysis for different parameters and
constraints. We show that the algorithm is beneficial under
certain conditions and allows for an efficient implementa-
tion in real systems. Furthermore, a dynamic and adaptive
approach is presented which can cope with different work-
loads and Grid properties.
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1 Introduction

An increasing number of scientific disciplines collaborate
in virtual organizations to jointly address complex research
problems and share computational resources. The dynamic
nature of such virtual organizations requires flexible re-
source provisioning that is realized with Computational
Grids and Clouds. Due to the size and dynamicity of Grids,
we need an automatic and efficient process to allocate com-
putational jobs to available resources in the Grid. Various
scheduling systems have already been proposed and im-
plemented in different types of Grids (Krauter et al. 2002;
Rodero et al. 2005, 2008; Elmroth and Tordsson 2005; Avel-
lino et al. 2003). However, there are still many open issues
in this field, including the consideration of multiple layers
of scheduling. Most academic studies either propose a com-
pletely distributed resource management system, see, for in-
stance (Ernemann and Yahyapour 2003), or suggest a central
scheduler, see (Ernemann et al. 2002), while real installa-
tions favor a combination of decentralized and centralized
structures, see (Vazquez-Poletti et al. 2007). A hierarchical
multilayer resource management can represent such a com-
bined system well (Schwiegelshohn and Yahyapour 2003;
Kurowski et al. 2008). The highest layer is often called a
Grid-level scheduler that may have a more general view of
the job requests, while specific details about the state of the
resources remain hidden from it. The management of a spe-
cific resource is task of a local resource management system
that only knows all details of its machine and only about
the jobs that are actually forwarded to it. In practice, other
layers may exist in between. At every layer, different con-
straints and specifications must be considered. Thus, an effi-
cient resource management system for Grids requires a suit-
able combination of scheduling algorithms that support such
multilayer structures of resource management.
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In this paper, we discuss a basic two-layer online Grid
scheduling model. At the first layer, we allocate a job to
a suitable machine using a given selection criteria. At the
second layer, potentially different parallel scheduling algo-
rithms are applied to these allocated jobs at each machine.
Typically, Grid resources are only connected by wide area
networks and do not share the same management system.
Therefore, job migration between different resources may
incur significant overhead and is technically challenging.
Hence, we do not allow for a job migration after a job has
been allocated to a machine, independently of whether it has
been started or not. That is, an allocated job must be exe-
cuted on the assigned machine. Similarly, we do not con-
sider multi-site execution.

The scheduling of jobs on multiprocessors is generally
well understood and has been studied for decades. Many re-
search results exist for different variations of this single sys-
tem scheduling problem; some of them provide theoretical
insights, while others give hints for the implementation of
real systems. However, the online machine allocation prob-
lem has rarely been addressed so far. Unfortunately, it may
result in inefficient machine utilization in the worst case; see
(Tchernykh et al. 2006). One of the structural reasons for
the inefficiency in online job allocation is the occupation of
large machines by jobs with small processor requirements
causing highly parallel jobs to wait for their execution. This
problem is addressed in the paper.

To this end, we use a simple model that focuses on some
key aspects of Grids. The jobs are submitted over time and
must be allocated to a machine immediately after submis-
sion. In order to hide transmission latencies, the job transfer
is initiated as soon as possible even if the job cannot start
immediately. Further, we assume rigid parallel jobs, that is,
the jobs have a given degree of parallelism and must be as-
signed exclusively to a specified number of processors or
cores during their whole executions. This is typical for op-
timized and communication intensive parallel applications.
While the machines in a real Grid often exhibit different
forms of heterogeneity, like different hardware, operating
system and software, we restrict ourselves to machines with
different numbers of the same processors or cores. Due to
the advance of virtualization, differences in the operating
systems become less important. Moreover, processors tend
to differ mainly in the number of cores, while the architec-
tures of individual cores and their clock frequency are rather
similar. Therefore, we believe that the focus in our model is
reasonable, although it neither matches every real installa-
tion nor all real applications.

From a system point of view, it is typically the goal of
a Grid scheduler to achieve some kind of load balancing
in the Grid. In scheduling theory, this goal is commonly
represented by the objective of makespan minimization. Al-
though the makespan objective is mainly an offline criterion

and has shortcomings, particularly, in online scenarios with
independent jobs, see (Schwiegelshohn 2009), it is easy to
handle and frequently used in theoretical evaluations, see,
for instance (Albers 1999). As we want to compare our re-
sults with results of multiprocessor scheduling research, we
also apply the makespan objective in this paper. Similarly,
for reasons of comparability, we use the worst-case analysis
by determining the competitive factor of online algorithms.
Similar to the approximation factor in NP-hard determinis-
tic scheduling problems the competitive factor is the ratio
between objective values of the determined online schedule
to the best possible schedule in the worst case.

We continue this paper by formally presenting our Grid
scheduling model in Sect. 2. After a discussion of related
work in Sect. 3 we introduce our algorithms and classify
them in Sect. 4. Then we discuss an adaptive two-level
scheduling strategy and analyze it. Finally, we conclude with
a summary and an outlook in Sect. 6.

2 Model

We address an online scheduling problem with the objec-
tive of minimizing the makespan: n parallel jobs J1, J2, . . .

must be scheduled on m parallel machines N1,N2, . . . ,Nm.
Let mi be the number of identical processors of machine Ni

also called the size of machine Ni . Assume without loss of
generality that the parallel machines are arranged in non-
descending order of their sizes m1 ≤ m2 ≤ · · · ≤ mm.

Each job Jj is described by a triple (rj , sizej ,pj ): its re-
lease date rj ≥ 0, its size 1 ≤ sizej ≤ mm that is referred to
as its processor requirements or degree of parallelism, and
its execution time pj . Further, wj = pj · sizej is the work of
job Jj , also called its area in the schedule or its resource con-
sumption. The properties of a job only become known at its
release date. The jobs are submitted over time and must be
immediately and irrevocably allocated to a single machine.
This machine must execute the job by exclusively allocat-
ing exactly sizej processors for an uninterrupted period of
time pj to it. As we do not allow for multi-site execution
and co-allocation of processors from different machines, a
job Jj can only run on machine Ni if sizej ≤ mi holds. We
use gj = i to denote that job Jj is allocated to machine Ni .
If possible without causing confusion we use the index i to
specify machine Ni . Further, let Zi be the job set allocated
to machine Ni . Therefore, the total work of a given job set
Z is WZ = ∑

Jj ∈Z wj .
The completion time of job Jj of instance I in a sched-

ule S is denoted by Cj (S, I ). As already mentioned, we de-
termine the makespan Cmax(S, I ) = maxJj

{Cj(S, I )} of a
schedule S and an instance I . The optimal makespan of in-
stance I is denoted by C∗

max(I ). Where it is possible without
causing ambiguity we will omit instance I .
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The competitive factor of algorithm A is defined as ρA =
supI

Cmax(SA,I )
C∗

max(I )
over all problem instances. Again, we omit

algorithm A if it does not cause any ambiguity.
We denote our Grid machine model by GPm. In the short

three field notation machine_model | constraints | objective
proposed by (Graham et al. 1979), the scheduling prob-
lem is characterized as GPm|rj , sizej |Cmax. We use the no-
tation MPS (Multiple Parallel Scheduling) to refer to this
problem, while the notation PS (Parallel Scheduling) de-
scribes the parallel job scheduling on a single parallel ma-
chine Pm|rj , sizej |Cmax.

3 Related work

Before going into details we add some general remarks
about the competitive bounds of MPS. We regard MPS as a
two stage scheduling strategy: MPS = MPS_Alloc + PS. At
the first stage, we allocate a suitable machine for each job
using a given selection criterion and the MPS_Alloc strat-
egy. At the second stage, algorithm PS is applied to each
machine independently for jobs allocated during the previ-
ous stage. It is easy to see that the competitive factor of the
MPS algorithm is lower bounded by the competitive factor
of the PS algorithm. Just consider a degenerated Grid that
only contains a single machine. In this case, the competitive
factors of the MPS algorithm and the PS algorithm are iden-
tical as there is no need for any allocation stage. But clearly,
an unsuitable allocation strategy may produce worse com-
petitive factors. Just assume that all jobs are allocated to a
single machine in a Grid with k identical machines. Obvi-
ously, in this case the competitive factor is upper bounded
by the competitive factor of the PS algorithm times k.

The best PS online non-clairvoyant algorithm known
so far has a tight competitive factor 2 − 1/m with m de-
noting the number of processors in the parallel system;
see (Naroska and Schwiegelshohn 2002). Hence, the lower
bound of a competitive factor for any general two-layer on-
line MPS is at least 2 − 1/m.

It was shown in (Schwiegelshohn et al. 2008) that there
is no polynomial time algorithm that guarantees schedules
with a competitive bound <2 for GPm|rj , sizej |Cmax and
all problem instances unless P = NP. Therefore, the multi-
processor list scheduling bound of 2 − 1/m for concurrent
submission, see (Garey and Graham 1975), as well as for
online submission, does not apply to Grids. Even more, list
scheduling cannot guarantee a constant competitive bound
for all problem instances in the concurrent submission case
(Tchernykh et al. 2006).

Further, the performance of Garey and Graham’s list
scheduling algorithm is significantly worse in Grids than
in multiprocessors, see (Schwiegelshohn et al. 2008). The
authors also present an online non-clairvoyant algorithm

that guarantees a competitive factor of 5 for the Grid sce-
nario, where all available jobs can be used for local schedul-
ing, that is, migration between machines is allowed for.
Hence, this approximation algorithm guarantees to gener-
ate a schedule with completion time being within a constant
ratio 5 of the optimal solution.

The offline non-clairvoyant version of this algorithm has
a competitive factor of 3. This “one-layer” algorithm can
either be implemented in centralized fashion or by a distrib-
uted “job stealing” approach. Although jobs are allocated to
a machine at their submission times they can migrate before
they have been started if another machine becomes idle.

In (Pascual et al. 2008) a related problem was addressed.
The authors model an offline system consisting of N clusters
with exactly m identical processors each, and propose an
algorithm with a guaranteed worst-case performance ratio
on the global makespan equal to 4. They also show that a
better bound, 3, can be obtained in a specific case when the
last completed job requires at most m/2 processors.

The offline case was considered in (Tchernykh et al.
2006; Zhuk et al. 2004). The authors address the perfor-
mance of various two-stage algorithms with respect to the
makespan objective. They present algorithms with an ap-
proximation factor of 10. One of the known reasons of the
inefficient online job scheduling in a two-layer hierarchical
online Grid scheduling model is the occupation of large ma-
chines by jobs with small processor requirements causing
highly parallel jobs to wait for their execution, see (Tch-
ernykh et al. 2008). The authors present an algorithm show-
ing a competitive factor variation between 5 and infinity
for specific assumptions of the workload characteristics and
changes of the so called admissible factor. In our work, we
extend these results considering a more general model.

4 Classification of algorithms

As already discussed, the Grid scheduling algorithm can be
split into a global allocation part and a local scheduling part.
We can distinguish different strategies depending on the type
and amount of information they require. This classification
allows for the first performance analysis.

4.1 Job Allocation

Note that machines are indexed in non-descending order
of their sizes. We define fj = i if machine Ni is the first
machine with mi ≥ sizej . Note that due to our restric-
tion sizej ≤ mm ∀Jj , we have i ≤ m. The set of machines
Mavailable(j) that are available for allocation of job Jj cor-
responds to the set of machine indexes {fj , fj + 1, . . . ,m},
see Fig. 1. Obviously, the total set of machines Mtotal is rep-
resented by the integer set {1, . . . ,m}. An algorithm may
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Fig. 1 Concept of the available and admissible machines for allocation
of job Jj

not be allowed to use all available machine for allocation of
job Jj . Therefore, we define a set of admissible machines
Madmissible(j) that is a subset of Mavailable(j). In the exam-
ple of Fig. 1, Madmissible(j) is represented by the index set
{fj , . . . , rj }.

Note that the number and the sizes of the parallel ma-
chines are known. Further, we distinguish three different lev-
els of additionally available information for job allocation.

Level 1: There is no information on the processing time
of any job, that is, we consider non-clairvoyant scheduling.
Obviously, no strategy can guarantee a constant competitive
factor in our model. However, it is possible to achieve a con-
stant competitive factor if machines may exchange jobs that
are not yet started. An example for such a job stealing model
has been analyzed by (Schwiegelshohn et al. 2008).

Level 2: Once a job has been submitted its parallelism
sizej and its processing time pj are known. However, the
GRMS (Grid Resource Management and Brokering Ser-
vice) has no information on the local schedule of the ma-
chines. But it may use information on the already allocated
load to each machine.

Level 3: We have access to all information of Level 2 and
to all local schedules as well. The GRMS may allocate a job
to the machine where it has the earliest completion time.

In this paper, we show that Level 2 algorithms can al-
ready achieve constant competitive factors.

4.2 Parallel machine scheduling

Once a job has been allocated to a parallel machine, the local
resource management system (LRMS) of this machine will
generate a schedule. Different scheduling algorithms may be
used by the LRMS: Many real systems apply First-Come-
First-Serve (FCFS) that schedules jobs in the order of their
arrival times. Although this algorithm performs reasonably
well in practice it obviously cannot guarantee a constant
competitive factor. This is also true for the various versions
of backfilling that usually improve the performance of FCFS
for real workloads. Alternatively, list scheduling produces a
competitive factor of 2 − 1/m for a parallel machine with
m processors even in the non-clairvoyant case; see (Naroska
and Schwiegelshohn 2002). To the best of our knowledge no

better competitive factor is known for the clairvoyant case
of scheduling rigid parallel jobs. But the best lower bound
for the online scheduling of sequential jobs on parallel ma-
chines is already 1.88; see (Rudin 2001). In the remaining
parts of this paper, we assume that the LRMS use an online
parallel scheduling algorithm with the competitive factor 2.

5 Online scheduling of parallel jobs in a grid

In this section we provide a competitive analysis for two
heuristics. The first heuristic is based on the online load
balancing model of (Bar-Noy et al. 2002). We show how
this model can be adapted to online makespan scheduling of
parallel jobs in a Grid. The second heuristic extends a rela-
tively simple scheme called admissible allocation that was
proposed by (Tchernykh et al. 2006) and can be efficiently
implemented in real systems.

The bad case example given in (Tchernykh et al. 2006)
shows that one reason of the inefficient online job alloca-
tion may be the occupation of large machines by jobs with
a small degree of parallelism causing highly parallel jobs to
wait for their execution.

Both approaches exclude certain machines with many
processors from the set of machines available to execute jobs
with little parallelism.

Let mf,r = ∑r
i=f mi be the total number of processors

belonging to machines from mf to mr . In (Tchernykh et al.
2006) the set Madmissible(j) for a job Jj was defined to be
the machines with indexes {fj , . . . , rj }, where rj is defined
as the smallest machine index with mfj ,rj ≥ 1

2 · mfj ,m (see
Fig. 1). Note, that rj ≤ m always holds.

In this paper, the definition is generalized by introduc-
ing a new parameter 0 < a ≤ 1 that parameterizes the ad-
missibility ratio used for the job allocation. Hence, we call
{fj , . . . , rj } the index set of admissible machines if rj is the
minimum index with mfj ,rj ≥ a · mfj ,m. Note that at least
one machine is admissible as a is strictly larger than 0, while
a = 1 defines all available machines.

5.1 Analysis of the load balancing scheme

In this section, we provide a theoretical worst-case analy-
sis of online scheduling for our model. As already men-
tioned, the analysis extensively uses the results of (Bar-Noy
et al. 2002). They addressed online load balancing in a hier-
archical server model with m identical machines. In their
model, all servers have different priorities out of the set
{1,2, . . . ,m}. A job Jj can only be executed on its eligi-
ble servers, which are its specified target server sj and all
servers with a higher priority than sj . Further, each job Jj

contributes a weight wj to its allocated server. It is the ob-
jective to minimize the maximum weight on the most loaded
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server. For our problem, the fractional and the weighted in-
tegral model are of specific interest. In the fractional model,
the weight of a job can be arbitrarily distributed to any eligi-
ble server for this job. This model is similar to the divisible
load model in makespan scheduling. In the weighted integral
model, a job must be allocated to a single eligible server. In
(Bar-Noy et al. 2002), the authors propose a uniform memo-
ryless algorithm for the fractional model. A uniform memo-
ryless algorithm uses the same allocation scheme for all jobs
independent of the actual job and the previously allocated
job. A function u(s) assigns to every server s a number from
the interval [0,1]. Processing the servers in priority order
and starting with sj , the fraction u(s) of the job weight wj

is executed on server s provided that the remaining weight
is sufficiently large. It was shown in (Bar-Noy et al. 2002)
in Proposition 7 that the assignment function u(s) = 1

m+1−s

with m being the highest priority server achieves a competi-
tive factor of e.

There are two main differences between our model and
the model of (Bar-Noy et al. 2002):

1. we apply the makespan criterion and
2. we use parallel machines and rigid parallel jobs without

multisite allocation.

Theorem 1 Online scheduling of rigid parallel jobs on
Grids with identical processors can be achieved with the
competitive factor 2e + 1.

Proof It was described in (Naroska and Schwiegelshohn
2002) that the lower bound for makespan scheduling of rigid
parallel jobs on m identical machines is

C∗
max ≥ Ĉ∗

max

= max
0≤t≤max

Jj

{pj +rj }

{

t + 1

m

∑

Jj |pj +rj >t

sizej

· min{pj ,pj + rj − t}
}

.

In the Grid, we have m machines with potentially many
processors. Note that we arrange the machines in order of in-
creasing number of processors. Then we apply the hierarchi-
cal server model of (Bar-Noy et al. 2002) to assign pair wise
different processor priorities {1,2, . . . ,m1,m} using this or-
der. The priority of a machine is the smallest priority of its
processors. Therefore, if a machine is eligible to execute a
job Jj then all of its processors are eligible to execute part
of Jj and each machine with a higher priority is also eligi-
ble to execute Jj . Next, we adapt the above mentioned lower
bound to Grids:

Ĉ∗
max = max

0≤t≤max
Jj

{pj +rj }

{

t + max
i

{
1

mi,m

·
∑

Jj |pj +rj >t,fj ≥i

sizej · min{pj ,pj + rj − t}
}}

.

We extend our problem instance I to a new prob-
lem instance I ′ by adding new sequential jobs (rj = 0,
sizej = 1, sufficiently small pj ,fj = 1), such that Ĉ∗

max =
1
m̂

∑
Jj

sizej · pj holds.
We interpret sizej · pj as the weight wj of job Jj and

apply the fractional algorithm of (Bar-Noy et al. 2002) on
instance I ′ directly. The algorithm produces a maximum
processor load Lfrac

max(I
′) with

Ĉ∗
max ≤ Lfrac

max(I
′) ≤ e · Ĉ∗

max.

The fractional model can easily be transformed into a
weighted integral model with the help of a reference load.
However, this approach prohibits the existence of tempo-
rary jobs, that is, the reference load on any processor must
never decrease. Finally, we list four steps that generate the
reference model from an instance I ′.

1. Whenever a new job Jj with fj = i arrives we first de-
termine the new reference load of the processors:
a. We add the load sizej · pj of job Jj .
b. Let Li(t) be the total load on machines Nk at time t

with k ≤ i. If the new release date rj is larger than
the previous release date r ′ then we add the minimum
amount of load to machine 1 such that for each 1 ≤
i ≤ k we have

1

m1,k

(

Lk(rj )

−
∑

Jh|ph+rh>rj ,fh≤k

sizeh · min{ph,ph + rh − rj }
)

≥ rj .

Observe that we may have added some load already in
previous steps.

c. The new reference load of each processor is obtained
by using the fractional algorithm to add the new load
to the processors.

2. The new reference load of each machine is the sum of the
reference loads of its processors.

3. A machine is overloaded if its load is greater than its ref-
erence load.

4. Job Jj is allocated to the eligible machine with the lowest
priority that is not overloaded.

This method guarantees for any processor s that the sum
of the fractional loads of all processors s′ with s′ ≥ s is
never smaller than the sum of the integral weighted loads of
the same servers, see (Bar-Noy et al. 2002), Proposition 8.
Therefore, there is at least one eligible machine that is not
overloaded for job Jj . Note that no machine is overloaded
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if for each overloaded machine we remove the last job allo-
cated to it.

We apply list scheduling to schedule the jobs allocated
to a machine. Clearly, the maximum load on a processor of
Ni is not larger than the average load of all its processors.
Therefore, if machine Ni is not overloaded, we have

Cmax(Ni, I ) < 2 · Ĉ∗
max(Ni, I ) ≤ 2 · Ĉ∗

max ≤ 2 · Lfrac
max(I

′)

≤ 2e · Ĉ∗
max.

Note that the first inequality is due to Theorem 4 in (Naroska
and Schwiegelshohn 2002).

Finally, we need to add at most one job to each ma-
chine to produce the final schedule. This cannot increase the
makespan of this machine by more than Ĉ∗

max leading to

Cmax(I ) ≤ (2e + 1) · Ĉ∗
max ≤ (2e + 1) · C∗

max(I ). �

5.2 Analysis of the admissible allocation scheme

In this section, we consider the allocation strategy Min_LBa

that allocates a new job Jj to the least loaded machine in
Madmissible(j). It was already shown in (Tchernykh et al.
2006) that this scheme cannot guarantee a constant compet-
itive factor if all eligible machines of a job are also admissi-
ble.

Therefore, let us assume that job Jj is allocated to a ma-
chine from the set of admissible machines f, . . . , r that con-
tains a · mf,m processors (see Fig. 2). Hence, (1 − a) · mf,m

processors are excluded from mf,m processors available for
allocation of job Jj .

Let us also assume that a job J0 with minimum proces-
sor requirements among all jobs allocated to these machines
has the smallest machine index f0. Hence, all jobs allocated
to machines f, . . . , r can be scheduled only on machines
f0, . . . ,m. In this case the makespan of an optimal schedule
of all jobs in a Grid is lower bounded by an optimal schedule
of jobs set Zf , . . . ,Zr on machines f0, . . . ,m.

Let schedules Si , for machines i = 1, . . . ,m be the sched-
ules generated by Min_LBa + PS scheme. Ci denotes the
makespan of schedule Si . Further, we use Ĉ∗

i , Ĉ∗
f.r , and

Ĉ∗
f0.m

to describe the lower bounds of the optimal schedules
for machine i, machines f, . . . , r , and machines f0, . . . ,m

Fig. 2 An example of admissible processors for allocation of jobs with
factor a

respectively. Note that for Ĉ∗
f.r , and Ĉ∗

f0.m
, we consider only

the job sets Zf , . . . ,Zr .
Note that Ĉ∗

max is based on the average workload and an
offset t . Adding more processors will obviously distribute
the workload but not the offset. This yields the relation

Ĉ∗
f0,m

≥ Ĉ∗
f,r · mf,r

mf0,m

.

Theorem 2 Online scheduling of rigid parallel jobs on
Grids with identical processors using the scheme Min_LBa +
PS with an admissible allocation range 0 < a ≤ 1 has the
competitive factor

ρ ≤
{

1 + 4
a2 for a ≤ mf,m

mf0,m
,

1 + 4
a(1−a)

for a >
mf,m

mf0,m
,

where 1 ≤ f0 ≤ f ≤ m (see Fig. 2) are parameters that de-
pend on the machine configuration and workload.

Proof Let us assume that the makespan of machine k is also
the makespan Cmax of the Grid, that is Ck = Cmax. Fur-
ther, let job Jd be the last job that was added to this ma-
chine. We can assume that the completion time of job Jd

determines the makespan Ck , as otherwise, we can delete
job Jd without reducing the competitive factor. Machines
f = fd, . . . , r = rd constitute the set Madmissible(d). Since
Jd was added to machine k, Min_LBa guarantees Wk

mk
≤ Wi

mi

for all i = f, . . . , r . Note that Wk does not include the work
of job Jd .

Let Jb be the job having the smallest size among all
jobs allocated at machines f, . . . , r . Hence, jobs packed at
f, . . . , r cannot be allocated to a machine with a smaller in-
dex than fb = f0. As Jb is executed on one of the machines
f, . . . , r , see Fig. 2, we have r ≥ f .

Observe that jobs allocated to machines f, . . . , r can be
scheduled only on machines f0, . . . ,m. Adding machines
1, . . . , f0 − 1 and jobs allocated to machines 1, . . . , f −
1, r + 1, . . . ,m does not increase Ĉ∗

f0,m
and, therefore, can-

not reduce the competitive factor. We need to discuss the
relation between Ĉ∗

k and Ĉ∗
f,r · Ĉ∗

f,r is only smaller than

Ĉ∗
k if we can redistribute workload from machine k to other

machines. However, we have Wk

mk
≤ Wi

mi
for all i = f, . . . , r .

Therefore, we can only redistribute workload for t �= 0. Par-
ticularly, t ≥ Wk

mk
is required to redistribute the whole work-

load of machine k. Note that this redistribution is limited
by the processing time of jobs submitted after t . This is
particularly true if Ĉ∗

k > t + Wk

mk
holds. Therefore, we have

Ĉ∗
f,r > 1

2 Ĉ∗
k . Alternatively, we can determine the allocation

of jobs according to the minimum of Ĉ∗
i of all admissi-

ble machines. This scheme yields Ĉ∗
f,r ≥ Ĉ∗

k . However, it

is more cumbersome to determine Ĉ∗
i than Wi .
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Fig. 3 The competitive factor of strategy Min_LBa +PS for a ≤ mf,m

mf0,m

Fig. 4 The competitive factor of strategy Min_LBa +PS for a >
mf,m

mf0,m

Finally, observe that the workload of job Jd has not been
considered yet.

For a ≤ mf,m

mf0,m
, we obtain mf,m ≤ mf,r

a
and mf0,m ≤ mf,r

a2 .

This yields Ĉ∗
f0,m

≥ Ĉ∗
f,r · mf,r

mf0,m
> Ĉ∗

k · a2

2 .

For a >
mf,m

mf0,m
, r0 ≥ f implies mf0,m ≤ mf,m + a · mf0,m

(see Fig. 2).
This yields Ĉ∗

f0,m
≥ Ĉ∗

f,r · mf,r

mf0,m
> Ĉ∗

k · a(1−a)
2 .

As scheme Min_LBa uses Wk without including the work
of job Jd we must consider job Jd in addition. In the worst
case Ck is increased by pd ≤ C∗

max resulting in Cmax ≤ Ck +
C∗

max and ρ ≤ 1 + Ck

C∗
f0,m

. Due to Ck ≤ 2 · Ĉ∗
k , see Sect. 4.2,

we have ρ ≤ 1 + 2 · Ĉ∗
k

Ĉ∗
f0,m

.

The competitive factor turns out to be

ρ ≤
⎧
⎨

⎩

1 + 4
a2 for a ≤ mf,m

mf0,m
,

1 + 4
a(1−a)

for a >
mf,m

mf0,m
. �

Remark Figures 3 and 4 show the bounds of the competitive
factor of strategy Min_LBa + PS for the admissible value
a ≤ mf,m

mf0,m
and a >

mf,m

mf0,m
, respectively. One can see that if

a ≤ mf,m

mf0,m
the worst-case bounds change from ∞ to 5 as

Fig. 5 The competitive factor of strategy Min_LBa + PS

a function of the admissible value 0 < a ≤ 1. If a >
mf,m

mf0,m

the worst-case bounds change from ∞ to ∞ with minimum
value for a = 0.5.

Figure 5 shows the resulting bound that is a maximum
of the worst-case bounds presented in Figs. 3, and 4, as a
function of the admissible value 0 < a ≤ 1. Note that the
bound produces ρ ≤ 17 for a = 0.5.

5.2.1 Worst-case performance tune up

Finally, we analyze the worst-case performance for various
workload types. We consider two intervals for the admissi-
ble factor a : (0,

mf,m

mf0,m
] and (

mf,m

mf0,m
,1]. In the following, we

distinguish few cases of workload characteristics to show
workload dependent worst-case deviations:

• f = m and f0 = 1, produce mm

m1,m
≤ a ≤ 1, and ρ ≤

1 + 4
a(1−a)

. Clearly, if a = 1 holds, as in traditional al-
location strategies, a constant competitive factor cannot
be guaranteed and ρ → ∞ (see Fig. 4). The example in
Sect. 3.3. shows such a schedule in which highly parallel
jobs are starving due to jobs with little parallelism. How-
ever, a constant competitive factor ρ ≤ 17 can be achieved
with a = 0.5.

• If f = f0 = 1 holds, we say that the workload is predom-
inantly sequential. In such a case, we have ρ ≤ 1 + 4

a2 .
For a = 1, we obtain ρ ≤ 5. However, if a → 0 (jobs are
allocated to their first available machines) ρ → ∞ (see
Fig. 3).

• If f = f0 = m holds we say that the workload is predomi-
nantly parallel. In such a case, we have ρ ≤ 1+ 4

a2 . Again
a = 1 yields ρ ≤ 5.

In a real Grid scenario, the admissible factor can be dy-
namically adjusted in response to the changes in the config-
uration and/or the workload. To this end, the past workload
within a given time interval can be analyzed to determine
an appropriate admissible factor a. The time interval for this
adaptation should be set according to the dynamics in the

 Author's personal copy 
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workload characteristics and in the Grid configuration. One
can iteratively approximate the optimal admissible factor.

6 Concluding remarks

Scheduling in Grids is vital to achieve efficiently operating
Grids. While scheduling in general is well understood and
has been the subject of research for many years, there are
still only a few theoretical results available. In this paper,
we analyze the Grid scheduling problem and present a new
algorithm that is based on an adaptive allocation policy. Our
Grid scheduling model uses a two-layer hierarchical struc-
ture and covers the main properties of Grids, for instance,
machines with different sizes, and parallel jobs. The theo-
retical worst-case analysis yields decent bounds of the com-
petitive ratio for certain workload configurations. Therefore,
the proposed algorithm may serve as a starting point for fu-
ture heuristic Grid scheduling algorithms that can be imple-
mented in real computational Grids. While the scope of this
work is the theoretical analysis of Grid scheduling, in future
work we also intend to evaluate the practical performance of
the proposed strategies and their derivatives. To this end, we
plan simulations using real workload traces and correspond-
ing Grid configurations. Further, we will compare our ap-
proach with other existing Grid scheduling strategies which
are typically based on heuristics.
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