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Abstract In this paper, we address non preemptive online scheduling of parallel jobs on
a Grid. The Grid consists of a large number of identical processors that are
divided into several machines. We consider a Grid scheduling model with two
stages. At the first stage, jobs are allocated to a suitable machine while at the
second stage, local scheduling is applied to each machine independently. We
discuss strategies based on various combinations of allocation strategies and
local scheduling algorithms. Finally, we propose and analyze a relatively simple
scheme named adaptive admissible allocation. This includes competitive analysis
for different parameters and constraints. We show that the algorithm is beneficial
under certain conditions and allows an efficient implementation in real systems.
Furthermore, a dynamic and adaptive approach is presented which can cope with
different workloads and Grid properties.

Keywords: Grid Computing, Online Scheduling, Resource Management, Algorithmic Anal-
ysis, Job Allocation
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1. Introduction

Due to the size and dynamic nature of Grids, allocating computational jobs
to available Grid resources requires an automatic and efficient process. Vari-
ous scheduling systems have been proposed and implemented in different types
of Grids. However, there are still many open issues in this field, including
the consideration of multiple layers of scheduling, dynamicity, and scalability.
Grids are typically composed of heterogeneous resources which are decentral-
ized and geographically dispersed. Academic studies often propose a com-
pletely distributed resource management system, see, for instance, Uppuluri et
al. [13] while real installations favor a combination of decentralized and cen-
tralized structures, see, for instance, GridWay [4]. A hierarchical multilayer
resource management can represent such a system well. Therefore, we use
this model to find a suitable tradeoff between a fully centralized and a fully
decentralized model. The highest layer is often a Grid-level scheduler that
may have a more general view of the resources while the lowest layer is the
local resource management system that manages a specific resource or set of
resources, see Schwiegelshohn and Yahyapour [10]. Other layers may exist in
between. At every layer, additional constraints and specifications must be con-
sidered, for instance, related to the dynamics of the resource situation. Thus,
suitable scheduling algorithms are needed to support such multilayer structures
of resource management.

Grids are typically based on existing scheduling methods for multiprocessors
and use an additional Grid scheduling layer [10]. The scheduling of jobs on
multiprocessors is generally well understood and has been studied for decades.
Many research results exist for different variations of this single system schedul-
ing problem; some of them provide theoretical insights while others give hints
for the implementation of real systems. However, the scheduling in Grids is
almost exclusively addressed by practitioners looking for suitable implemen-
tations. There are only very few theoretical results on Grid scheduling and
most of them address divisible load scheduling like, for instance, Robertazzi
and Yu [7].

In this paper, we propose new Grid scheduling approaches and use a theoret-
ical analysis to evaluate them. As computational Grids are often considered as
successors and extensions of multiprocessors or clusters we start with a simple
model of parallel computing and extend it to Grids. One of the most basic
models due to Garey and Graham [2] assumes a multiprocessor with identical
processors as well as independent, rigid, parallel jobs with unknown processing
times, where a suitable set of concurrently available processors exclusively ex-
ecutes this job. Although this model neither matches every real installation nor
all real applications the assumptions are nonetheless reasonable. The model
is still a valid basic abstraction of a parallel computer and many applications.
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Our Grid model extends this approach by assuming that the processors are ar-
ranged into several machines and that parallel jobs cannot run across multiple
machines. The latter assumption is typically true for jobs with extensive com-
munication among the various processors unless special care has been devoted
to optimize the code for a multisite configuration.

While a real Grid often consists of heterogeneous parallel machines, one
can argue that an identical processor model is still reasonable as most modern
processors in capacity computing mainly differ in the number of cores rather
than in processor speed. Our model considers two main properties of a Grid:
separate parallel machines and different machine sizes. Therefore, the focus of
this paper is on these properties of Grids.

From a system point of view, it is typically the goal of a Grid scheduler to
achieve some kind of load balancing in the Grid. In scheduling theory, this is
commonly represented by the objective of makespan minimization. Although
the makespan objective is mainly an offline criterion and has some shortcom-
ings particularly in online scenarios with independent jobs, it is easy to handle
and therefore frequently used even in these scenarios, see, for instance, Al-
bers [1]. Hence, we also apply this objective in this paper. For such a model,
Schwiegelshohn et al. [9] showed that the performance of Garey and Graham’s
list scheduling algorithm is significantly worse in Grids than in multiprocessors.
They present an online non-clairvoyant algorithm that guarantees a competi-
tive factor of 5 for the Grid scenario where all available jobs can be used for
local scheduling. The offline non-clairvoyant version of this algorithm has an
approximation factor of 3. This "one-layer" algorithm can be implemented in
centralized fashion or use a distributed "job stealing" approach. Although jobs
are allocated to a machine at their submission times they can migrate if another
machine becomes idle.

In this paper, we use a two layer hierarchical online Grid scheduling model.
Once a job is allocated to a machine it must be scheduled and executed on this
machine, that is, migration between machines is not allowed. Tchernykh et
al. [11] considered a similar model for the offline case and addressed the per-
formance of various 2-stage algorithms with respect to the makespan objective.
They present algorithms with an approximation factor of 10.

In Section 2, we present our Grid scheduling model in more details. The
algorithms are classified and analyzed in Section 3. We propose a novel adaptive
two-level admissible scheduling strategy and analyze it in Section 4. Finally,
we conclude with a summary and an outlook in Section 5.

2. Model

As already discussed, we address an online scheduling problem with the ob-
jective of minimizing the makespan: n parallel jobsJ1 ,J2, . . .must be scheduled
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on m parallel machines N1, N2, . . . , Nm. mi denotes the number of identical
processors of machine Ni . W.l.o.g. we index the parallel machines in ascending
order of their sizes m1 ≤ m2 ≤ ... ≤ mm, and introduce m0 = 0.

Each job Jj is described by a triple (rj ,sizej ,pj): its release date rj ≥ 0, its
size 1 ≤ sizej ≤ mm that is referred to as its degree of parallelism, and its
execution time pj . The release date is not available before a job is submitted,
and its processing time is unknown until the job has completed its execution
(non-clairvoyant scheduling).

We assume that job Jj can only run on machine Ni if sizej ≤ mi holds,
that is, we do not allow multi-site execution and co-allocation of processors
from different machines. Finally, g(Jj) = Ni denotes that job Jj is allocated
to machine Ni. Let ni be the number of jobs allocated to the machine Ni.

We assume a space sharing scheduling mode as this is typically applied on
many parallel computers. Therefore, a parallel job Jj is executed on exactly
sizej disjoint processors without preemptions.

Let pmax be max1≤j≤n{pj}. Further, Wj = pj · sizej is the work of job Jj ,
also called its area or its resource consumption. Similarly, the total work of a
job set I is WI =

∑
Jj∈I Wj . cj(S) denotes the completion time of job Jj in

schedule S. We omit schedule S if we can do so without causing ambiguity.
All strategies are analyzed according to their competitive factor for makespan

optimization. Let C∗
max and Cmax(A) denote the makespan of an optimal sched-

ule and of a schedule determined by strategy A, respectively. The competitive
factor of strategy A is defined as ρA = sup Cmax(A)

C∗
max

for all problem instances.
The notation GP m describes our Grid machine model. In the short threefield

notation machine model-constraints-objective proposed by Graham et al. [3],
this problem is characterized as GPm|rj , sizej |Cmax. We use the notation
MPS to refer to this problem while the notation PS describes the parallel job
scheduling on a single parallel machine (Pm|rj, sizej |Cmax).

3. Classification of Algorithms

In this section, we first split the scheduling algorithm into an allocation
part and a local scheduling part. Then we introduce different strategies to
allocate jobs to machines. We classify these strategies depending on the type
and amount of information they require. Finally, we analyze the performance
of these algorithms.

3.1 Two Layer MPS Lower Bound

Before going into details we add some general remarks about the approxi-
mation bounds of MPS. We regard MPS as two stage scheduling strategy:
MPS = MPS Alloc+ PS. At the first stage, we allocate a suitable machine
for each job using a given selection criterion. At the second stage, algorithm PS
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is applied to each machine independently for jobs allocated during the previous
stage.

It is easy to see that the competitive factor of the MPS algorithm is lower
bounded by the competitive factor of the best PS algorithm. Just consider a
degenerated Grid that only contains a single machine. In this case, the compet-
itive factors of the MPS algorithm and the best PS algorithm are identical as
there is no need for any allocation stage.

But clearly, an unsuitable allocation strategy may produce bad competitive
factors. Just assume that all jobs are allocated to a single machine in a Grid
with k identical machines. Obviously, the competitive factor is lower bounded
by k.

The best possible PS online non-clairvoyant algorithm has a tight competi-
tive factor 2 − 1/m with m denoting the number of processors in the parallel
system; see Naroska and Schwiegelshohn [6]. Hence, the lower bound of a
competitive factor for any general two-layer online MPS is at least 2 − 1/m.

Schwiegelshohn et al. [9] showed that there is no polynomial time algorithm
that guarantees schedules with a competitive bound < 2 for GP m|sizej|Cmax

and all problem instances unless P = NP . Therefore, the multiprocessor
list scheduling bound of 2 − 1/m, see Garey and Graham [2] for concurrent
submission as well as Naroska and Schwiegelshohn [6] for online submission,
does not apply to Grids. Even more, list scheduling cannot guarantee a con-
stant competitive bound for all problem instances in the concurrent submission
case [9, 11].

3.2 Job Allocation

Now, we focus on job allocation with the number of parallel machines and
the information about the size of each machine being known. Further, we
distinguish four different levels of additionally available information for job
allocation.

Level 1: The job load of each machine, that is the number ni of jobs waiting
to run on machine Ni, is available. We use the job allocation strate-
gies Min L and Min LP . Min L allocates a job to the machine with
the smallest job load. This strategy is similar to static load balancing.
Min LP takes into account the number of processors and selects the
resource with the lowest job load per processor (arg{min1≤i≤m{ ni

mi
}}).

Note that neither strategy considers the degree of parallelism or the pro-
cessing time of a job.

Level 2: Additionally to the information of Level 1, the degree of parallelism
sizej of each job is known. The Min PL strategy selects a machine with
the smallest parallel load per processor (arg{min1≤i≤m{P

g(Jj)=Ni

sizej

mi
}}).
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Level 3: In addition to the information of Level 2, we consider clairvoy-
ant scheduling, that is, the execution time of each job is available. The
Min LB strategy allocates a job to the machine Ni with the least re-
maining total workload of all jobs already allocated to this machine, that
is

arg{ min
1≤i≤m

{
∑

g(Jj)=Ni

sizej · pj

mi
}}.

If the actual processing time pj of job Jj is not available, we may use
an estimate of the processing time instead. Such an estimate may be
generated automatically based on history files or provided by the user
when the job is submitted.

Level 4: We have access to all information of Level 3 and to all local schedules
as well. The Min CT job strategy allocates job Jj to the machine with
the earliest completion time of this job using the existing schedules and
the job queues [8, 14].

Levels 1 and 2 describe non-clairvoyant problems. Strategies of Levels 1 to
3 are based only on the parameters of jobs, and do not need any information
about local schedules.

3.3 Two Layer MPS Strategies

In this section, we analyze a two layer online MPS for different PS al-
gorithms and the MPS-allocation strategies Min L, Min LP , Min PL,
Min LB, and Min CT .

Tchernykh et al. [11] discussed the combination of allocation strategies with
the simple online scheduling algorithm FCFS, that schedules jobs in the or-
der of their arrival times. Clearly, this strategy cannot guarantee a constant
approximation factor as FCFS is already not able to do this. Even if all jobs
are available at time 0 and they are sorted in descending order of the degree of
parallelism, we cannot achieve a constant competitive factor [11, 9].

Let us consider now the case of an arbitrary online local PS algorithm.
Based on the simple example considered by Tchernykh et al. [11] for offline
strategies and Schwiegelshohn et al. [9] for online strategies, it can be shown
that Min L, Min LP , and Min PL allocation strategies combined with PS
cannot guarantee a constant approximation factor of MPS in the worst case.

Let us now consider the two allocation strategies Min LB and Min CT
that take into account job execution times. Fig. 1 shows an example of sets
of machines and a set of jobs for which constant approximation factors are
not guaranteed for Min LB + PS and Min CT + PS. In this figure, the
vertical axis represents time while the bars and their widths denote machines
and their numbers of processors, respectively. The example has an optimal
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makespan of 2, see Fig. 1. If the jobs are released in ascending order of their
degrees of parallelism, algorithms Min LB+PS and Min CT +PS allocate
them to machines as shown in Fig. 2. If the processing time is identical for all
jobs the makespans of algorithms Min LB + PS and Min CT + PS equal
the number of job groups with different degrees of parallelism. Additional
information about the schedule in each machine (application of Min CT )
does not help to improve the worst case behavior of MPS. Results are the
similar for the offline [11] and the online [9] cases.

Figure 1: Optimal schedule of a bad instance.

Figure 2: Min LB + PS schedule for the instance of Fig.1.

4. Adaptive Admissible Allocation Strategy

Based on the example shown in Figure 2, it can be seen that one reason
of the inefficient online job allocation is the occupation of large machines by
sequential jobs causing highly parallel jobs to wait for their execution.

Tchernykh et al. [11] proposed a relatively simple scheme named admissi-
ble selection that can be efficiently implemented in real systems. This scheme
excludes certain machines with many processors from the set of machines avail-
able to execute jobs with little parallelism.
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Figure 3: Concept of the admissible model

Let the machines be indexed in non-descending order of their sizes (m1 ≤
m2 ≤ ... ≤ mm). We define f(j) = first(j) to be the smallest index i such
that mi ≥ sizej holds for job Jj . Note that due to our restriction sizej ≤
mm∀Jj , we have l ≤ m. The set of available machines Mavailable(j) that are
available for allocation of job Jj corresponds to the set of machine indexes
s(f(j),m) = {f(j), f(j) + 1, . . . ,m}, see Fig. 3. Obviously, the total set
of machines M − total is represented by the integer set s(1,m) = 1, . . . ,m.
m(f, l) =

∑l
i=f mi is the total number of processors that are in machines mf

to ml.
Tchernykh et al. [11] defined the set Madmissible(j) of admissible machines

for a job Jj to be the machines with their indexes being in the set s(f(j), r(j)),
see Fig. 3. r(j) is the smallest number with m(f(j), r(j)) ≥ 1

2m(f(j),m).
In this paper, the definition is generalized by introducing a new parameter
0 ≤ a ≤ 1 that parameterizes the admissibility ratio used for the job allocation.
Hence, we call s(f(j), r(j)) the index set of admissible machines if r(j) is the
minimum index such that m(f)j), r(j)) ≥ a · m(f(j),m) holds. The choice
a = 0.5 produces the original definition of Tchernykh et al. [11].

A worst case analysis of adaptive admissible selection strategies is presented
in Section 4.2.

4.1 Workload

Before going into details of admissible job allocation strategies, we define
different types of possible workloads. First, we combine all machines of the
same size into group. Let i be a machine index such that mi−1 < mi. Then
group Gi contains all machines Mj with mj = mi. The size of Gi is the total
number of processors of all machines in Gi. Further, we can partition the set of
all jobs into sets Yi such that Jj ∈ Yi if and only if mi−1 < sizej ≤ mi holds,
that is, all jobs of Yi can be executed by machines of Gi but do not fit on any
machine of a group Gh with h < i. Note that some sets Yi may be empty.
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The workload is balanced for a set of machines G =
⋃k

i=1 Gi with some
k > 0 if the ratio of the total work of set Yi and the size of group Gi is the same
for all groups of G.

The workload is perfect for G if it is balanced and each set Yi can be scheduled
in a nondelay fashion on Gi such that makespans of all machines in G are
identical. Fig. 1 shows an example of a balanced workload for each set of
machines that do not include the last machine.

4.2 Analysis

In this section, we consider the allocation strategies of Section 3.3 for ad-
missible machines. Formally, we denote this extension by appending the letter
a to the strategy name, for instance, Min L− a. Tchernykh et al. [11] showed
that strategies (Min L−a,Min PL−a)+FCFS cannot guarantee constant
approximations for a = 0.5. This result also holds for arbitrary a and algorithm
Best PS. We already showed in Section 3.3 that Min LB cannot guarantee
a constant approximation even in combination with the Best PS. We now
consider the case when the selection of a suitable machine for executing job Jj

is limited by its admissible set of machines Madmissible(j).

4.2.1 Online Allocation and Online Local Scheduling. First, we deter-
mine the competitive factor of algorithm Min LB − a + Best PS.

Theorem 1 Assume a set of machines with identical processors, a set of
rigid jobs, and admissible allocation range 0 ≤ a ≤ 1. Then algorithm
Min LB − a + Best PS has the competitive factor

ρ ≤
⎧⎨
⎩

1 + 1
a2 − 1

m(1,m) for a ≤ m(f,m)
m(f0,m)

1 + 1
a(1−a) − 1

m(1,m) for a > m(f,m)
m(f0,m)

with 1 ≤ f0 ≤ f ≤ m being parameters that depend on the workload, see
Fig. 4.

Proof. Let us assume that the makespan of machine Nk is also the makespan
Cmax of the Grid. Then let job Jd be the last job that was added to this machine.
We use the notations f = f(d) and r = r(d). If , . . . , Ir are the sets of jobs
that had already been scheduled on machines Nf , . . . , Nr before adding job Jd.
Remember that machines Nf , . . . , Nr constitute the set Madmissible(d). Since

Jd was added to machine Nk, Min LB − a guarantees
WIk
mk

≤ WIi
mi

for all
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(1 ¡ a) ¢m(f;m)(1 ¡ a) ¢m(f;m)

Figure 4: Admissible allocation with factor a

i = f, . . . , r. Therefore, we have

W (f, r) =
r∑

i=f

WIi =
r∑

i=f

WIi

mi
mi

≥
r∑

i=f

WIk

mk
mi =

WIk

mk

r∑
i=f

mi =
WIk

mk
m(f, r).

Let W opt
idle be the idle workload space of the optimal solution on the machine

Nk. We use the notation W
′
i = Wi + W opt

idle and obtain

W
′
(f, r) =

r∑
i=f

(Wi + W opt
idle) =

r∑
i=f

W
′
i =

r∑
i=f

W
′
i

mi
mi

≥
r∑

i=f

W
′
k

mk
mi ==

W
′
k

mk

r∑
i=f

mi =
W

′
k

mk
m(f, r). (1)

It is known from the literature [5, 12] that in the schedule of machine Nk,
there are two kinds of time slots which can be combined conceptually into two
successive intervals C1 and C2, see Fig. 5.

Let sizemax be the maximum size of any job assigned to machine Nk. Then
the intervals correspond to the parts of the schedule when at most sizemax − 1
processors are idle and when strictly more than sizemax−1 processors are idle,
respectively.

Tchernykh et al. [12] showed that C2 is limited by the maximum job execution
time pmax and that for an arbitrary list schedule,
Wk ≥ (mk−sizemax+1)C1+C2 yields the competitive bound 2mk−sizemax

mk−sizemax+1 .

Algorithm Best PS produces the makespan C = Wk+W opt
idle+Widle

mk
with

Widle being the additional idle space due to Best PS. To be 2− 1
m competitive,

algorithm Best PS must generate schedules that increase the idle space of the
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Figure 5: Scheduling Rigid Jobs in Space Sharing Mode [12]

optimal schedule by not more than
Widle ≤ pmax · (mk − 1).

Hence, for W
′
k = Wk + W opt

idle and W
′
k ≥ mk ·C1 + C2, we obtain an upper

bound of the total completion time:

C ≤ W
′
k + pmax · (mk − 1)

mk
=

W
′
k

mk
+ pmax · (1 +

1
mk

) (2)

Due to C∗
max = W

′
k

mk
and C∗

max ≥ pmax, Equation 2 implies a competitive

bound 2 − 1
m for single machine scheduling.

Let Jb be the job having the smallest size among all jobs executed at machines
Nf , . . . , Nr. We use the notation f0 = fb. Hence jobs packed at Nf , . . . , Nr

cannot be allocated to a machine with a smaller index than f0. As Jb is executed
on one of the machines Nf , . . . , Nr we have rb ≥ f , see Fig. 4 and C∗

max ≥
W

′
(f,r)

m(f0,r) . Substituting Equation 1 in this formula, we have

C∗
max ≥ W

′
km(f, r)

mkm(f0,m)
.

Finally, we consider two cases:

• a ≤ m(f,m)
m(f0,m)

From our definition m(f, r) ≥ a · m(f,m), we obtain m(f0,m) ≤
m(f, r)/a2. This yields

C∗
max ≥ W

′
k · m(f, r)

mk · m(f0,m)
≥ W

′
k · a2

mk
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As we have C∗
max ≥ pmax, Equation 2 implies

ρ ≤ W
′
k

mkC∗
max

+ pmax

1 − 1
mk

C∗
max

≤ 1 +
1
a2

− 1
m(1,m)

• a > m(f,m)
m(f0,m)

We have m(f0,m) ≤ m(f,m) + a · m(f0,m), see Fig. 4. This yields

C∗
max ≥ W

′
k · m(f, r)

mk · m(f0,m)
≥ W

′
k · a · m(f,m)

mk · m(f,m)
1−a

=
W

′
k · a · (1 − a)

mk

and

ρ ≤ W
′
k

mkC∗
max

+ pmax

1 − 1
mk

C∗
max

≤ 1 +
1

a · (1 − a)
− 1

m(1,m)

(End)
Note that both bounds produce the same result ρ = 5− 1

m(1,m) for a = 0.5.
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Figure 6: ρ ≤ 1 + 1
a2 − 1
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Figure 7: ρ ≤ 1 + 1
a(1−a)

− 1
m(1,m)

Fig. 6 to 8 show the bounds of the competitive factor of strategy Min LB −
a + Best PS as a function of the admissible value a in percent.

4.2.2 Worst Case Performance Tune Up. Finally, we analyze the worst
case performance for various workload types. We consider two intervals for
the admissible factor a: (0, m(f,m)

m(f0,m) ] and ( m(f,m)
m(f0,m) , 1]. We distinguish only few

cases of workload characteristics to determine workload dependent worst case
deviations.

• f = m and f0 = 1 produce mmPm
i=1 mi

≤ a ≤ 1 and ρ ≤ 1 + 1
a(1−a) −

1
m(1,m) . These characteristics are normal for a balanced workload. Clearly,
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Figure 8: ρ ≤ 1 + 1
a2 − 1

m(1,m)
for a ≤ 0.5 and ρ ≤ 1 + 1

a(1−a)
− 1

m(1,m)
for a > 0.5

if a = 1 holds, as in traditional allocation strategies, a constant approx-
imation cannot be guaranteed. The example in Fig. 2 shows such a
schedule in which highly parallel jobs are starving due to jobs with little
parallelism. However, a constant approximation ρ = 5 − 1

m(1,m) can be
achieved with a = 0.5.

• Iff = f0 = 1holds we say that the workload ispredominantly sequential.
In such a case, we have ρ ≤ 1 + 1

a2 − 1
m(1,m) . For a = 1, we obtain

ρ = 2 − 1
m(1,m) . This bound is equal to the bound of list scheduling on

a single machine with the same number of processors. Hence, for this
type of workload, Min LB is the best possible allocation algorithm.

• If f = f0 = m holds we say that the workload is predominantly parallel.
In such a case, we have ρ ≤ 1 + 1

a2 − 1
m(1,m) . Again a = 1 yields

ρ = 2− 1
m(1,m) . Therefore, Min LB is also the best possible allocation

algorithm for this type of workload.

• In a real Grid scenario, the admissible factor can be dynamically adjusted
in response to the changes in the configuration and/or the workload. To
this end, the past workload within a given time interval can be analyzed
to determine an optimal admissible factor a. The time interval for this
adaptation should be set according to the dynamics in the workload char-
acteristics and in the Grid configuration. One can iteratively approximate
the optimal admissible factor.

5. Concluding Remarks

Scheduling in Grids is vital to achieve efficiently operating Grids. While
scheduling in general is well understood and has been subject of research for
many years, there are still only few theoretical results available. In this paper,
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we analyze the Grid scheduling problem and present a new algorithm that is
based on an adaptive allocation policy. Our Grid scheduling model uses a two
layer hierarchical structure and covers the main properties of Grids, for instance,
different machine sizes and parallel jobs. The theoretical worst-case analysis
yields decent bounds of the competitive ratio for certain workload configura-
tions. Therefore, the proposed algorithm may serve as a starting point for future
heuristic Grid scheduling algorithms that can be implemented in real computa-
tional Grids. In future work, we intend to evaluate the practical performance of
the proposed strategies and their derivatives. To this end, we plan simulations
using real workload traces and corresponding Grid configurations. Further, we
will compare our approach with other existing Grid scheduling strategies which
are typically based on heuristics.
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