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Abstract

The paper deals with an experimental comparison of a
4-approximation algorithm with a 3-approximation algo-
rithm for the Shortest Common Superstring (SCS) problem.
It has two main objectives, one is to show that even though
the quotient between the two approximations is 4/3, in the
worst case, the average results quotient is approximately 1,
independently of the instances size. The second objective is
to experimentally show that these algorithms produce high
quality solutions, which are significantly lower than their
guaranteed worst case bound. Most of the extensive compu-
tational experiments show that the algorithms produce an
average superstring of length at most 1.4% over the opti-
mum.

1. Introduction

Given a set of strings P = {sy, $2, ..., s, } the goal is to
find the shortest string .S* such that each s; € P is a sub-
string of S*. This string is known as the shortest common
superstring (SCS) of P. Finding S* arises in a variety of ap-
plications, including DNA assembling [7, 20] and data com-
pression [14, 9].

The SCS problem is NP-hard [9], furthermore it is MAX-
SNP-hard [4]. Arora [3] showed that problems in MAX-
SNP-hard do not admit polynomial time approximation
schemes unless P = N P, which implies that obtaining an
algorithm with approximation factor of 1 + ¢ forany e > 0
is very unlikely.

Many approximation algorithms for the SCS have been
proposed. Tarhio and Ukkonen [17], and Turner [19] es-
tablished performance guarantees for the GREEDY algo-
rithm with respect to the overlap measure. However, this re-
sult does not imply a performance guarantee over the opti-
mal length. Blum et al. [4], who were the first to achieve a

constant factor for this problem, proved a factor 4 over the
optimal length for the same algorithm. They also proposed
other variants known as MGREEDY and TGREEDY with
approximation factors of 4 and 3, respectively. After these
results the approximation factors were reduced to 2.89 by
Teng and Yao [18]. Czumaj et al. [6] gave a factor of 2.83,
Armen and Stein achieved a factor of 2.6 [2], Breslauer et
al. gave factors of 2.67 and 2.596 [5]. Up to date the best
guarantee is of 2.5 and was achieved by Sweedyk [15].

Although a great amount of work was done in trying to
find better and better bounds, less attention was paid to the
performance analysis of these algorithms over a set of in-
stances of the problem. The work proposed here goes in this
direction. In this paper, we present an implementation of
factor 3 and 4 approximation algorithms for the SCS prob-
lem. We also propose variants to improve them. In spite of
their poor worst case approximation guarantees the exper-
iments show that the algorithms generate extremely high
quality solutions.

The remainder of the paper is organized as follows. Sec-
tion 2 presents some preliminary definitions. Section 3 de-
scribes the implemented algorithms. Section 4 presents the
experimental setup and results. Finally, section 5 states the
conclusions and points out some future research.

2. Preliminaries

An instance of the SCS problem is represented by a set
of strings P = {s1, $2, ..., S, .-, Sn} € X* over a finite
alphabet 3, where >* is the set of all strings constructed
from X. Without loss of generality let us assume that P is
a free subset, i.e. no string s; is a substring of s; for all
1 £ j € {1,2,...,n}. A feasible solution for this prob-
lem, a superstring of P, is a string .S, which contains each
string s; € P as a substring. The objective is to find a super-
string S* with the shortest length over all superstrings that
can be generated. An example of this problem is given as



follows. Given a set P = { acacg, ataga, cacgt, gtaat }, a
superstring for P is S =acacgtaataga of length 12.

For any string s, |s| denote the length of s. Given two
strings s and ¢, assume that y is the longest string such that
s = zy and t = yz for |z|,|z| > 1. Thatis, |y| is the
length of overlap existing between s and ¢, and it is denoted
by |over(s,t)|. Then, z is the proper prefix of s with re-
spect to ¢ and is represented by pref (s, t). |pref(s,t)| =
|s| — |over(s,t)|, |pref (s, t)| is denominated the distance
from s to ¢.

Let us clarify the definitions by giving some examples.
Given s = acacta and t = actaggt, the overlap y between
these two strings is acta with length |over(s,t)| = 4. The
proper prefix of s is pref (s,t) = ac with length |ac| = 2.

2.1. Thedistance graph and the cycle cover prob-
lem

The SCS problem can be modeled as a minimiza-
tion problem with respect to the prefix distance or
as a maximization problem with respect to the to-
tal overlap [18]. All implemented algorithms in this
article are based on the first model. A complete di-
graph G = (V, A) can be constructed from P as fol-
lows: a string s; € P represents a vertex v; € G. The
arc cost c(v;,v;) is defined by |pref(s;, s;)|. This graph
is denominated the distance graph. Finding the short-
est common superstring from P is equivalent to find-
ing the minimum cost Hamiltonian path in G(V, A). Let
™ = =f,..,m; be the permutation of vertices of
which define this path. The shortest common superstring
S*(P) is a string containing all the strings of P, there-
fore its length is given by [S*(P)| = |pref (szz,sq3)| +
|pref (saz, Saz)| + -+ + |pref(sax_, 8xx)| + [Sxs . Find-
ing a minimum weight Hamiltonian cycle in G(V, A) is
known as the Asymmetric Traveling Salesman Problem
(ATSP); the cost of this cycle is defined as ¢(ATSP*) =
[7ef (x5 m5) |+ |pref (sgz 53)| 4+ -+ [pref (szs 527
Since |[sqx| = [pref(sqx,sz:)| + |over(srs,sar)
c(ATSP*(G)) represents a lower bound for the opti-
mum of the SCS S*(P):

C(ATSP*(G)) < |S*(P)!.

The best approximation known for ATSP is O(log(N))
times ¢(ATSP*(G)) [8]. Blum and colleagues [4] pro-
posed approximations based on the assignment problem in
bipartite graphs, also known as cycle cover. A cycle cover
is a collection of disjoint cycles, i.e. each vertex v; € V be-
longs to a single cycle. The cost of a cycle cover is given by
the sum of the costs of each of its cycles. Computing a cy-
cle cover is equivalent to finding a minimum weighted per-
fect matching in the bipartite graph G'(U, V, E) obtained
from G(V, A) (distance graph). This problem is reduced to

finding the set of edges of G’, where the cost of this set is
minimum and covers all the vertices in G’. It is known that
this solution can be computed in O(n?) time by using the
Hungarian algorithm [13]. The optimum cycle cover cost
¢(C*(G)) represents a lower bound for the optimum tour in
the ATSP, and therefore a lower bound to the optimum of
the SCS problem, i.e.,

¢(C*(G)) < (ATSP*(G)) < |S"(P)!.

3. Approximation Algorithms for the SCS
Problem

An algorithm is a p—approximation algorithm for the
SCS if it runs in polynomial time and always finds a su-
perstring of length at most p|.S*(P)|; p is the approxima-
tion factor. In this work, we implement two approximation
algorithms 4 4, [4] and 3 4.4 [4]. We also propose two vari-
ants for theses algorithms and we call them 4 4;; and 3 45,
respectively. The algorithms are detailed as follows:

3.1. A 4-approximation algorithm for the SCS

ALGORITHM 1. 4 4, [4]
Input: Set of strings P.
Output: A superstring S(P) of the set P.

1 Compute the distance graph G(V, A) from the set
P (see preliminaries).

2 Find the minimum length cycle cover of G. Let us
denote this cycle cover as C*(G) = {¢1, ca, ..., Ci,
, -+ C|c+ ()| } Where each c; represents a cycle
of C*(G) (see preliminaries).

3 Foreachcyclec; = (viy, ..., v, viy) € C*(G)
build the superstring 5., = pref(si,, Si,) © ...0
pref (si,. s 8i., ) © 8i,,., (o is concatenation)™.
where v;, € ¢; is the cycle break point vertex
which is arbitrarily selected, and s;, € P is the
string associated to vertex v;, .

Let 7" = {8¢,, s 8¢ cn (e } DE the set of
superstrings obtained from these cycles.

4 S(P) is acommon superstring of P, obtained by
the arbitrary concatenation of strings in 7'.

Clearly, S(P) is a superstring of P, since each string 5.,
is a superstring of the strings associated to each vertex of
cycle ¢; € C*(@G), and C*(Q) is a cycle cover. This means
that each string s;, is included in some cycle ¢;, therefore, it
is a substring of ., which is, at the same time, a substring
of S(P).

1 In the rest of the paper s, = pref(si;,Siy)0, ..., 0
pref(si‘cﬂfl,si‘c“)osi‘cﬂ,lsdenoted aséc; = 8iy 050y OSiy |-



3.2. A 3-approximation algorithm for the SCS

ALGORITHM 2. 3 4, [4]
Input: Set of strings P.
Output: A common superstring S(P) of P.

1 Compute the distance graph G(V, A) from the set
P.

2 Find the minimum length cycle cover of G. Let us
denote this cycle cover as C*(G) = {c1, ¢a, ..., i,
, .- C|c+ ()| } Where each ¢; represents a cycle
of C*(G) (see preliminaries).

3 Foreachcyclec; = (v, ..., vi,, |, vi,) € C*(G),
build the superstring 5., = s;,0, ..., OSif,. | where
v;, € ¢; is the cycle break point vertex which is
arbitrarily selected. Let T = {5.,, ..., §¢;, .-,
§C\C* (&) }
be the set of superstrings obtained from this cycles.

4 Obtain the distance graph G'(V’, A”) from the set
T ={8c1, 8¢5, 8¢c/cn (0 I+

5  Find the non trivial cycle cover C*(G’) of
minimum length of G’. A non trivial cycle cover is
the one where all cycles have at least two vertices.
That is, selfcycles are not allowed.

6 Foreachcyclec, = (v) ,...,v} , v

wr e Tt

) € C*(G),
build the superstring: ., = 8,7 o,...,08, ,
k2 i1 ’L‘C;

where v; € ¢ is the cycle breaking point vertex
and 8,, € P is the string associated to vertex v;,
1

€ V' which originates the shortest superstring
that can be generated among all |c}| vertices.
LetT" = {8/, ... 8¢ty s s )‘}bethesetof

|c* (G’
derived superstrings from these cycles.
7 S(P) isacommon superstring of P, obtained by

arbitrarily concatenating the superstrings in 7.

Figure 1 shows an example to compare algorithms 4 4,
and 3 4. in terms of procedures and solution qualities. Each
numbered box is associated to the corresponding step of
the algorithms. The first three steps are the same for both
algorithms. The output of 4 4, S(P), is indicated on the
right of box 3. The following boxes show the procedures for
3 arp- Box number 5 shows how to select the cycle break-
ing point. For this example the cycle has only two vertices
(0,1), therefore only two superstrings (0, 1) and (1,0) can
be constructed, the one with the shortest length is S1. Then
it is selected as a representative cycle. Box 6 shows the out-
put of the algorithm 3 4,, S(P), this superstring is shorter
than the one obtained by 4 4,.

1

2

4

6

0 1 2 3
Input: P={cctceg,cetect,ctecga,tectec)

Construct the distance graph G from P.

Distance Graph G(V,A) ‘

Obtain the cycle cover for G(V,A)

‘ Cycle Cover C*(G)=<0,2,0><1,3,1> ‘

Get the superstrings from the cycles of C*(G).
Sl =s0.s2 = pref(s0,s2)s2 = cctceg =cctecga
ctccga

Arbitrarily concatenate the strings of T.

| Outputdarb | gpy= g1 = pref(SL)R

4 | SP)= ccteega — |cctecgacctectee|=15
cctectee

2 =sl1.s3= pref(sl,s3)sl = ccteet =cctectee
tectec

T={S1,S2}={cctccga,cctectecy

Construct the distance graph G’ from T and the cycle cover from G'.
‘ Cycle Cover C*(G')=<0,1>

Construct the superstrings from all shifts of the cycles in C*(G’).
Select the shortest superstring obtained among the shifts.

Sl=90. sl = pref(s0,s1)sl = cctccga —|ccteegacctectee|=15
cctectec

Sl =s1.s0= pref(s1,s0)s0 = cctectee —|cctecteegal=10
cctcega

T ={cctecteega)

Arbitrarly concatenate the strings in T".
In this example T has only one string. S(P)=T.

| S(P)— |cctecteegal=10

Output 3arb

Figure 1. Comparison of 4 4, with 3 4,

3.3. Proposed variant for the 4-approximation al-
gorithm

ALGORITHM 3. 447
Input: Set of strings P.
Output: A common superstring S(P) of P.

We propose to modify 4 4,., as follows:
Steps 1, 2, and 4 remain the same as in 4 4,,. Replace
step 3 of 44,4 by:

3 Foreachcycle c; = (viy, ..., v5, |, viy) € C*(G),
build the superstring §., = s;,0, ..., OSi,.|» where
v;, € ¢; is the cycle breaking vertex that originates
the shortest superstring among all the |¢; |
superstrings generated starting at each vertex.
LetT = {s,, ..., Sc, } be the set of superstrings
derived from these cycles.

Notice that step 3 of algorithm 4 4,, decides to break
each cycle ¢; in an arbitrary point (vertex), while we pro-
pose to select this point so as to generate the shortest su-
perstring S.,. This will allow us to have a final superstring
S(P) which is a concatenation of the shortest superstrings
3., generated from each cycle ¢;. Therefore, the superstring
generated by our variant is shorter than the one generated
by the 4 4., algorithm.

This variant is similar to the MGREEDY algorithm [4].
Both algorithms find disjoint cycles and cut the cycles at
optimum positions. The difference is that MGREEDY uses
a greedy strategy to find the disjoint cycles and the break-



ing points, while our algorithm uses the cycle cover for find-
ing the disjoint cycles, and the optimum position is obtained
trying all possible shifts.

3.4. Proposed variant for the 3-approximation al-
gorithm

ALGORITHM 4. 3 4y
Input: Set of strings P.
Output: A common superstring S(P) of P.

We propose to replace step 3 of 3 4,4 by step 3 of 4 4;;.
The remaining steps are as in 3 4,.,. The main motivation for
introducing this change is the same as the one for introduc-
ing the change in 4 4.

0 1 2 3
Input: P={cctccg,cctect,ctecga,tectecy

Construct the superstrings from all shifts of the cyles in C*(P).
Select the shortest superstring obtained among the shifts.

Cycle 1 <0,2>.
Shift 1.

Sl= 0. 2= pref(s0,s2)s2 = coteog
ctccga

Shift 2.
SL= 2. 50= pref(s2:50)0 = dmgacctccg —|ctecgaccteeg|=12

Select the superstring obtained from first cycle shift.

Cycle 2 <1,3>.
Shift 1.
2 =sl.s3= pref(sl,s3)sl = cctect
tecte

C —=]cctectec|=8
Shift 2.
2 = s3. sl = pref(s3,s1)sl = tcctce

Select the superstring obtained from second cycle shift.

T={cctccga,tcctect}

Output Algorithm
Arbitrarily concatenate the strings in T

SP)= tccg&cécga —~ |tcctecteegal=11
vs Output of 4arb — |cctecgacctectec|=15

Figure 2. Proposed variants for 4 4., and 3 4,4

The modification proposed for algorithm 4 4, is shown
in Figure 2. The modified part is on step 3, where all pos-
sible shifts of the cycle are performed. For the superstring
constructed from cycle 1, vertex 0 is selected as the break-
ing point. For the superstring of cycle 2, the breaking point
is vertex number 3. After concatenating superstrings 1 and
2, a superstring of length 10 is obtained, saving, in this way
five characters with respect to 4 4,

4. Experimental Setup and Results

The main point of comparison for these approximation
algorithms is the solution quality (superstring length). All

algorithms are implemented in ANSI C using an implemen-
tation of the Hungarian algorithm available in [12].

4.1. Generation of Input Instances

Since there are not available benchmarks for the SCS
problem we propose to generate them in three different
ways:

1. Method Dp 4. Set of strings derived from a fragment
of an original DNA sequence.

2. Method Dgranp. Set of strings derived from a ran-
domly generated sequence with uniform distribution
over a finite alphabet ® = {A, C, G, T'}.

3. Method Iranp. Set of strings generated randomly
with uniform distribution over a finite alphabet ¥ =
{A,C,G,T}.

Method Dpya
The input instances are obtained as follows:

1. Obtain a DNA sequence $ of length N2 from GenBank
(see Appendix).

2. Derive a set € of strings of equal length ¢ from the se-
quence § by shifting the characters one by one.

3. Modify € by randomly eliminating a given number of
strings (percentage of error) so that some of the result-
ing strings do not necessarily overlap in exactly ¢ — 1
characters. In these experiments € has a 20% of error.
Let us denote the new set as £’.

4. Ensure that &’ is a free subset P which becomes the
input of the algorithm.

Figure 3 shows an example for this method.

Method DranD

The instances are obtained applying the following pro-
cedures:

1. Generate randomly and uniformly a sequence § of
length N with characters from X = {A,C, G, T'}.

2. Apply steps 2-4 of Dpy 4 to the sequence S generated
at step 1.

Method IranD

The instances for this method are generated following
the procedure known as “memoryless source” [16]. A num-
ber of n strings of length ¢ are generated, where each char-
acter w; € X of string s; is generated independently with
probability 1/|3|. The generation of characters is modeled
as a Bernoulli process.

2 N=n/(1-a«a)+£—1,wheren isthe number of stringsin P, « is
the percentage of error (see step 2), ¢ is the length of strings (step 2).
This formula obtains the length of string S that assure a set P of size
n.



1. DNA sequence from Genbank:
8§ =CACCGCA 8] =11
2. Derive a set € of strings of length £ = 4
from the sequence §:
CACCCCA

CACC
ACCG
CCcC
CCCA

3. Percentage of error = 20%:
Number of stringsto erase: 0.20* 4= 0.8~ 1

NownN —

4. Index of string to erase:
rand(1..|€]) =rand(1..4) =3

5. The new set &’ is obtained by erasing:
this string:

CACCGCA

1 | CACC
2| ACCG

4 CGCA

6. Convert &’ into a free subset. (i.e. erase all

repeated string). In this example &’ is a free subset.

7.Let P = {CACC,ACCG,CGCA}
be the algorithm'’s input.

Figure 3. lllustration of the Dpy4 method.

The main idea of using this method is to have a varia-
tion in the length of overlaps among the strings and to see
whether the length of overlaps has any influence on the al-
gorithm performance.

4.2. Solution Quality

In order to evaluate the solution quality produced by each
algorithm, the Held-Karp (HK) bound also known as the
subtour elimination polytope is computed. This is a solu-
tion to the relaxation of the integer programming formula-
tion of the Symmetric Traveling Salesman Problem (STSP)
[11, 10]. Remember that a lower bound for the shortest com-
mon superstring is the optimum cost tour in the ATSP. There
exists a polynomial time transformation which maps an in-
stance A of ATSP into an instance A’ of STSP, and the
cost of the optimum tour in A equals the cost of the opti-
mum tour in A’, that is, c(ATSP*(A)) = ¢(STSP*(A")).
Therefore HK is a lower bound for A’ and for A. As it is
also the case with the cycle cover cost ¢(C*(G)), HK is a
lower bound for the AT'S P*(G), however, according to ex-
perimental results [10] it is closer to AT'SP*(G) than to
c(C*(@)). Since ATSP is a lower bound for the SCS then
we have that:

«(C*(G)) < HE(G) < e(ATSP*(G)) < |5*(P)|

The HK bound is calculated based on the following pro-
cedures:

1. The distance graph G = (V, A) is transformed into an
undirected graph G’ = (3V, E). Details of this trans-
formation can be found in [10].

2. A publically available code (the concor de program)
[1] is run over the transformed instances.

4.3. Results

The instance sizes are in the range of 100 to 1,000 with
increments of 100. The length (¢) of the strings are 10 and
50. All the experiments are run on 100 different instances
and the mean values are taken for each of them.

Figure 4 (a) shows a comparison in the approximation
ratio between the solutions of algorithms 4 4., and 3 4.4
for £ = 10. The results are very close to the optimum, all
of them are in an approximation range of 100% to 108%
which is far away from the 400% worst case guarantee.
Instances given the highest approximation ratio are those
generated by the Dpx 4 method while the ones with the
best approximation ratios are mainly those generated by the
Iranp method. In this figure, we can clearly see that the
approximation percentage of algorithm 4 4, is similar to
that of algorithm 3 4,4, for all methods D 4px, Dranp and
Iranp. This behavior indicates that the quotient between
them is in the range of 1.000 to 1.002 far from the worst
case quotient of 4/3 = 1.333. Note that as the instance size
increases the approximation ratio approaches 100%.

The results for ¢ = 50 are shown in Table 1, the row
Dpna(600,50) shows results obtained for an input in-
stance of 600 strings all of length 50, derived from a DNA
sequence (Dpn 4 Method). Our goal here is to analyze the
influence of ¢ on the algorithms performance. Notice that
there is an increasing difference between the algorithms
Arb and All, while the first starts to produce worse approx-
imations reaching 128.175%, the second stays low with the
worst approximation of only 100.015%. The algorithms ap-
proximation quotients remains close to one.

In Figure 4(b) we can observe the high quality solution
of our variant 4 4;;. For £ = 10 they delivered solutions no
more than 101%. When the length of ¢ increases to 50, the
quality solution is better and it is not more than 100.20%. In
contrast we can see that the approximation ratio of the algo-
rithm 4 4, is affected with this increase in £. The solution
quality of our other variant 3 4;; is very similar to that pro-
duced by 4 A11.

We also performed experiments (no presented here) for
¢ =100 and ¢ = 500. In these cases the Arb version con-
tinues with an increasing tendency in the approximation ra-
tio (the highest reaches 128.175%). For the Arb algorithms,
the worst scenario is given when the set of instances is de-
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Figure 4. (a) Approximation ratio of algorithms 4 4,, and 3 4,. Instances generated by D pn, Dranp
and Iranyp methods with £ = 10. (b) Approximation ratio of algorithms 44,4, and 4 4;;. Instances gen-

erated by the D4pny method with £ = 10, 50.

rived from a real DNA sequence or from a randomly gen-
erated sequence. However, the All variants continue to be
close to the optimum. For these values of ¢, the instances
generated by methods Dranp and Dpy 4 generate only
one cycle in the cycle cover problem. Then the shortest cy-
cle among all shifts (n) represents the optimum for ATSP
and therefore for the SCS [10]. This results is very interest-
ing because the solution quality is not only good, but is the
optimum.

Figure 5 shows computational times in seconds for some
instances for the algorithms 3 4;; and 3 4,.,. We can see that
the variant 3 4;; needs a little more computational effort to
get its improved results over 3 4,.,. We can also observed an
increase in the execution time when the length of strings is
increased.
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Figure 5. Computational time, in seconds, for
345 and 34, algorithms (average over one
hundred instances). All the experiments were
performed in a PC station with Athlon XP 2.0
Ghz, 512 MB and Linux Mandrake 9.1 operat-
ing system

5. Conclusions

An experimental comparison of two approximation al-
gorithms for the Shortest Common Superstring Problem
have been presented. The algorithms have worst case per-
formance guarantee of three times the optimum and four
times the optimum, respectively. A variant for both algo-
rithms is presented to increase the solution quality.

Extensive experimental computations on different sets of
instances show that the average case behavior of the algo-
rithms does not follow the 4/3 worst case quotient but it is
very close to one. This allows us to think that algorithms
with better bounds will not produce solutions with a signif-
icant improvement in the solution quality. The experiments
also reveal that the proposed variants generate extremely
high quality solutions of at most 1.4% over the optimum in
a short computational time.

These results motivate a future research in the direction
of finding average case approximation bounds that can bet-
ter predict the algorithm behavior on real size instances. An-
other line of research has to do with the extension of these
algorithms to deal with real DNA sequencing problems.
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6. Appendix

The accession codes of the sequences used in these ex-
periments are:
X02160, X56088,
Y00093, X03444,
X03445, X02994,
Y00649, X04412,
X07743, X07577,

D00723,
X13440,
X02874,
X01098,
X04217,

X51841,
X14758,
Y00264,
X15610,
X07173,

X03350,
X14034,
X06374,
X03663,
X53279,

D11428,
X13403,
X04350,
X57398,
X04772,



Instance %4 Arp %dan | % 3arp %3an | 4ars/3ars | 4aul3an
D 4pn(100,50) 128.175 100.273 | 128.175 | 100.273 1.000 1.000
Dranp(100,50) 127.886 100.204 | 127.886 | 100.204 1.000 1.000
Iranp(100,50) 100.234 100.094 | 100.202 | 100.057 1.000 1.000
D4pn(200,50) 116.333 100.179 | 116.333 | 100.179 1.000 1.000
Dranp(200,50) 116.330 100.148 | 116.330 | 100.148 1.000 1.000
Iranp(200,50) 100.164 100.078 | 100.136 | 100.044 1.000 1.000
D4pn(300,50) 111.513 100.092 | 111.513 | 100.092 1.000 1.000
Dranp(300,50) 111.518 100.076 | 111.518 | 100.076 1.000 1.000
Iranp(300,50) 100.117 100.049 | 100.099 | 100.025 1.000 1.000
D 4pn(400,50) 108.892 100.091 | 108.892 | 100.091 1.000 1.000
Dranp(400,50) 108.897 100.075 | 108.897 | 100.075 1.000 1.000
Iranp(400,50) 100.111 100.046 | 100.092 | 100.027 1.000 1.000
D4pn(500,50) 107.241 100.061 | 107.241 | 100.061 1.000 1.000
Dranp(500,50) 107.232 100.067 | 107.232 | 100.067 1.000 1.000
Iranp(500,50) 100.091 100.040 | 100.076 | 100.024 1.000 1.000
D 4pn(600,50) 106.111 100.055 | 106.111 | 100.055 1.000 1.000
Dranp(600,50) 106.099 100.063 | 106.099 | 100.063 1.000 1.000
Iranp(600,50) 100.077 100.032 | 100.064 | 100.018 1.000 1.000
Dapn(700,50) 105.272 100.030 | 105.272 | 100.030 1.000 1.000
Dranp(700,50) 105.273 100.038 | 105.273 | 100.038 1.000 1.000
Iranp(700,50) 100.074 | 100.031 | 100.062 | 100.020 1.000 1.000
D apn(800,50) 104.643 100.035 | 104.643 | 100.035 1.000 1.000
Dranp(800,50) 104.636 100.049 | 104.636 | 100.049 1.000 1.000
ITranp(800,50) 100.066 100.026 | 100.054 | 100.015 1.000 1.000
D apn(900,50) 104.153 100.035 | 104.153 | 100.035 1.000 1.000
Dranp(900,50) 104.153 100.029 | 104.153 | 100.029 1.000 1.000
Tranp(900,50) 100.063 100.025 | 100.052 | 100.015 1.000 1.000
D 4pn (1000, 50) 103.745 100.028 | 103.745 | 100.028 1.000 1.000
Dgranp(1000,50) | 103.760 100.032 | 103.760 | 100.032 1.000 1.000
T4pn(1000,50) 100.060 | 100.025 | 100.050 | 100.015 1.000 1.000

Table 1. Comparison results (average case over one hundred instances)
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