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a b s t r a c t

We evaluate job scheduling algorithms that integrate both tasks of Grid scheduling: job allocation to Grid
sites and local scheduling at the sites. We propose and analyze an adaptive job allocation scheme named
admissible allocation. The main idea of this scheme is to set job allocation constraints, and dynamically
adapt them to cope with different workloads and Grid properties. We present 3-approximation and
5-competitive algorithms named MLBa + PS and MCT a + PS for the case that all jobs fit to the smallest
machine, while we derive an approximation factor of 9 and a competitive factor of 11 for the general
case. To show practical applicability of our methods, we perform a comprehensive study of the practical
performance of the proposed strategies and their derivatives using simulation. To this end, we use
real workload traces and corresponding Grid configurations. We analyze nine scheduling strategies that
require a different amount of information on three Grid scenarios. We demonstrate that our strategies
perform well across ten metrics that reflect both user- and system-specific goals.

© 2012 Elsevier B.V. All rights reserved.
1. Introduction

Job scheduling is an important issue for achieving high perfor-
mance on Grids. Various scheduling systems have already been
proposed and implemented in different types of Grids. However,
there are still many open issues in this field. One of the big chal-
lenges is the development of coordinated resource provisioning
mechanisms that allow more efficient use of resources and higher
user satisfaction.

In general, the problem of scheduling jobs on multiprocessors
is well understood and has been subject to research for decades.
Many research results exist for many different variants of this
problem. Some of them provide theoretical insights while others
give hints for the implementation of real systems.

However, scheduling in Grids is almost exclusively addressed
by practitioners looking for suitable implementations. There are
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only very few theoretical results available on Grid scheduling
which we will further discuss in Section 3.

In this paper, we consider a basic two layer Grid model. The
highest layer consists of a Grid scheduler (resource broker or meta
scheduler) that has a general viewof job requests and allocates jobs
to a suitable Grid site. The management of a specific resource is
the task of a local resource management system that knows the
present status of its machine and of the jobs that are allocated
to it. Local scheduling is independently applied to each site. On
each layer, different constraints and specifications are considered.
Here, we assume rigid parallel jobs that have a given degree
of parallelism and must be assigned exclusively to the specified
number of processors or cores during their execution. We apply
an admissible allocation policy that excludes certain machines
from the set of machines available for allocation of a particular
job [1]. In this paper, we conduct the theoretical analysis of two
scheduling algorithms named Min-Lower-Bound with Admissible
Job Allocation (MLBa) and Min-Completion-Time with Admissible
Job Allocation (MCT a) under given constraints and makespan
optimization criterion, that is, we consider minimization of largest
completion time of any job in the system. Specifically, we show
that the makespan obtained by our algorithms does not exceed
the optimal makespan for any problem instances by more than
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a certain factor. This factor is called a competitive factor in the
on-line case, and an approximation factor in the off-line case,
respectively.

An approximation factor of 9 for the off-line case and compet-
itive factor of 11 for the on-line case are achieved, improving and
extending known results [1]. We also derived an approximation
factor of 3 and a competitive factor of 5 for cases when all jobs fit
to the smallest machine as in the problem discussed by Bougeret
et al. [2].

To show the practicability and competitiveness of our algo-
rithms, we conduct a comprehensive study of their performance
and derivatives using simulation. We take into account several is-
sues that are critical for practical adoption of the scheduling al-
gorithms: we use Grid workloads based on real production traces,
consider three Grid scenarios based on heterogeneous HPC sys-
tems, and consider problems of scheduling jobs with unspecified
execution time requirements as only job user run time estimates
are available in real execution environment.

The algorithms target computationally intensive parallel ap-
plications and make scheduling decisions without precise perfor-
manceprediction information, in particular, about the job run time.
They are simple, proceed on a job-by-job basis, and allow an effi-
cient implementation in real systems.

We continue this paper by formally presenting our Grid
scheduling model in Section 2. We discuss related work in
Section 3. We introduce hierarchical job scheduling algorithms
and classify them in Section 4, where we also discuss job
admissible allocation schemes.We derive their approximation and
competitive factors for off-line and on-line cases, respectively, in
Section 5. Experimental setups are presented in Section 6 while
experimental results are analyzed in Section 7. Finally,we conclude
with a summary and an outlook in Section 8.

2. Model

2.1. Basic definitions

We address an on-line scheduling problem: n parallel jobs
J1, J2, . . . , Jn must be scheduled on m sites (parallel machines
N1,N2, . . . ,Nm. Let mi be the number of identical processors of
machine Ni also called the size of machine Ni. Let sf ,l =

l
i=f mi

be the total number of processors belonging to machines from
Nf to Nl. We assume, without loss of generality, that the parallel
machines are arranged in non-descending order of their sizesm1 ≤

m2 ≤ · · · ≤ mm.
Each job Jj is described by a tuple (rj, sizej, pj, p′

j): its release date
rj ≥ 0 that denotes time relative to the beginning of a schedule,
its size 1 ≤ sizej ≤ mm that is referred to as its processor require-
ments or degree of parallelism, execution time pj, anduser run time
estimate p′

j .
In the on-line scenario, no job parameters are available before a

job is submitted. The scheduling task is particularly difficult if the
processing time of a job only becomes available at the completion
time of this job. This is called a non-clairvoyant scenario. In some
real systems, the user is required to provide an estimate of the
processing time of his job to prevent faulty jobs from wasting
compute resources. This estimate can also be used by the scheduler
although the estimates may be rather imprecise. In this paper, we
address both on-line scenarios.

Further, wj = pj · sizej is the work of job Jj, also called its area in
the schedule or its resource consumption. The jobs are submitted
over time and must be immediately and irrevocably allocated to
a single machine. However, the processor allocation for a job can
be delayed until the required number of processors is actually
available. The job is executed in space sharingmode by exclusively
allocating exactly sizej processors for an uninterrupted period
of time pj to it. As we do not allow pre-emption nor multi-site
execution nor co-allocation of processors from different machines,
a job Jj can only run on machine Ni if sizej ≤ mi holds. Remember
that the precise processing time and the precise work are not
available to a scheduler in our scenarios.

We use gj = i to denote that job Jj is allocated to machine Ni, ni
to denote the number of jobs allocated to machine Ni, and Wi =

gk=i wk to denote the total work of jobs allocated to machine Ni.
The completion time of job Jj of instance I in a schedule S is

denoted by cj(S, I). Formally, the makespan of a schedule S and
instance I is Cmax(S, I) = maxJj


cj(S, I)


. The optimal makespan

of instance I is denoted by C∗
max(I). If it is possible without causing

ambiguity we will omit the instance I and schedule S.
We denote our Grid machine model by GPm. In the three field

notation (α|β|γ ) with machine environment (α), job characteris-
tics (β), and objective function (γ ), introduced by Graham et al. [3]
for theoretical scheduling problems, our scheduling problem is
characterized as GPm|rj, sizej|Cmax for the Cmax optimization cri-
terion. Objective functions are based upon metrics discussed in
Section 2.2. As in [1], we use the notation MPS (Multiple machine
Parallel Scheduling) to refer to this problem, while the notation PS
(Parallel Scheduling) describes the parallel job scheduling on a sin-
gle parallel machine Pm|rj, sizej|Cmax.

Different scheduling algorithms may be used by the Local
Resource Management System (LRMS). In the experimental parts
of this paper, we assume that the LRMS uses an on-line parallel
scheduling algorithm: First-Come-First-Serve policy with EASY
backfilling [4], where the scheduler may use later jobs to fill holes
in the schedule, even if that delays the expected start time of other
jobs, so long as the first job’s expected start time is not delayed. In
order to apply EASY backfilling, user estimated runtimes are used.

2.2. Metrics

Formally, the competitive factor of algorithm A is defined as
ρA = maxI

Cmax(SA,I)
C∗
max(I)

taken over all possible problem instances.
Again, we omit algorithm A, if it does not cause any ambiguity.
The approximation factor is defined similarly for deterministic
(off-line) scheduling problems. Note that in our deterministic
scheduling, all jobs are available at the start of the schedule and
the scheduler knows the parameters of all jobs. We assume that
the resources involved are stable and dedicated to the Grid. We
also consider well known performance metrics commonly used to
express the objectives of different stakeholders of Grid scheduling
(end-users, local resource providers, and Grid administrators),
such as: mean slowdown SDb =

1
n

n
j=1

cj−rj
max{10,pj}

, and mean

waiting time tw =
1
n

n
j=1


cj − pj − rj


.

To eliminate the emphasis on very short jobs (i.e., with close
to zero runtime) the slowdown is bounded by a commonly used
threshold of 10 s.

In this paper, we use tw over turnaround (response) time TA =
1
n

n
j=1


cj − rj


, and sum of job waiting times SWT =

n
j=1(cj −

pj − rj). The differences between these metrics are constants
regardless of the scheduler being used: 1

n

n
j=1 pj, and 1/n. We do

not use resource-centricmetrics like utilizationU =
n

j=1
pj·sizej

Cmax·s1,m
and throughput Th =

n
Cmax

. There is a close relationship between

them: as C∗
max,

n
j=1

pj·sizej
s1,m

, and n being constants for a given
experiment; x percent reduction in Cmax corresponds to x

100%−x
percent increase in the utilization and throughput [5].

Note that in experimental analysis, the lower bound of the

optimal completion time Ĉ∗
max = max


maxj


rj + pj


,

n
j=1 wj
s1,m


is used instead of the optimal makespan C∗

max to calculate the
competitive factor [6].
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3. Related work

Job scheduling is a crucial part of efficient Grid implementation.
Diversified aspects of the problem are discussed in the literature to
copewith the newchallenges ofmulti domain distributed systems:
centralized, hierarchical and distributed models [7,8]; static [9,10]
and dynamic scheduling policies [11]; multi-objective optimiza-
tion [12]; adaptive policies dealing with dynamic behavior of re-
sources [13,14]; autonomic management [15]; QoS and system
level agreement constraints [16]; economic models [17]; resource
selection [18]; scheduling of data and computational intensive ap-
plications [19,20]; workflow scheduling [21,22]; data locality with
migration, binding execution and data storage sites [23]; replica-
tion [24]; performance evaluation [25]; among other topics.

Major emphasis of these works is to make scheduling decisions
using exact resource information, despite their practical weakness
and unpredictable impact on the efficiency of the scheduling in real
Grid environments.

Scheduling in Grids is studied to give hints for the implementa-
tion of real systems inwhich processing time estimates of jobsmay
be available. Hence, it is important that a Grid scheduler is able to
integrate user time estimates with resource allocation strategies.
This is one of the objectives of this paper.

Grids vary significantly in size and the workload is very
dynamic. A defined quality of service for scheduling algorithms
is an important performance characteristic. Therefore, theoretical
worst-case analysis is a relevant approach as it provides such
guarantees with performance bounds.

In [26] Schwiegelshohn et al. showed that the performance of
Garey andGraham’s list scheduling algorithm is significantlyworse
in Grids than in multiprocessors. There is no polynomial time
algorithm that guarantees schedules with a competitive factor <2
forGrids. Therefore, the list scheduling boundof 2−1/m for off-line
problems, see results of Garey and Graham [27], as well as for on-
line ones, does not apply toGrids. Evenmore, list scheduling cannot
guarantee a constant competitive factor in the off-line case [28].

Schwiegelshohnet al. [26] presented anon-line non-clairvoyant
algorithm that guarantees a competitive factor of 5 for theGrid sce-
nario, where all available jobs can be used for local scheduling, that
is,migration betweenmachines is allowed. Hence, this approxima-
tion algorithm guarantees to generate a schedule with completion
time being within a constant ratio 5 of the optimal solution. The
off-line non-clairvoyant version of this algorithm has an approxi-
mation factor of 3.

Tchernykh et al. [1] provided an algorithm for on-line
clairvoyant scheduling of parallel rigid jobs in a Grid with the
competitive factor 2e + 1, based on the load balancing model of
Bar-Noy and Freund [29].

More theoretical results are available for off-line problems
both clairvoyant and non-clairvoyant. We just mention main
results without details, because corresponding problems are not
addressed in our paper. Pascual et al. [30] modeled an off-line
clairvoyant system consisting ofN clusterswith exactlym identical
processors each, and proposed an algorithm that guaranteed a
worst-case approximation factor on the global makespan equal
to 4. Bougeret et al. [2] considered the problem with k parallel
machines of different sizes, and jobs with sizes that must be
fitted to the smallest machine. The proposed scheduling algorithm
achieves a 5/2 approximation factor.

Concerning the hierarchical scheduling problem, Tchernykh
et al. [28] considered a clairvoyant problem with jobs that can
require more resources than available on the smallest machine.
They presented off-line algorithms namedMLBa +LSF andMCT a +

LSF with approximation factors of 10. On the first layer, the
schedule minimum lower bound and job minimum completion
time strategies are used to allocate jobs to resources. On the second
layer, the larger size first local scheduling algorithm is applied.
Tchernykh et al. [31] extended these results by introducing
the admissible factor that parameterizes the availability of the
Grid sites for the job allocation. The competitive factor of the
adaptive on-line scheduling algorithm MLBa + PS with admissible
job allocation that varies between 5 and infinity by changing the
admissible factorwas derived for specificworkload characteristics.
Tchernykh et al. [1] extended this result for a more general
workloadmodel. The competitive factor of theMLBa+PS algorithm
varies between 17 and infinity with change of the admissible
factor. Here, we are able to improve our result to a 9 approximation
factor without release times, and achieve 11 competitive factor
with release times. We also discuss different variation of the
problem, and derive their approximation and competitive factors.

4. Algorithms

Algorithms, that have no knowledge about jobs other than
the number of unfinished jobs in the system, their processor
requirements and user runtime estimates, are considered.

4.1. Hierarchical scheduling

Scheduling algorithms for two layer Grid models can be split
into a global allocation part and a local scheduling part. Hence, we
regardMPS as a two stage scheduling strategy:MPS = MPS_Alloc+
PS. At the first stage, we map each job to a suitable machine using
a given selection criterion. At the second stage, the PS algorithm is
applied to each machine independently for jobs allocated during
the previous stage. Note that our algorithms proceed on a job-by-
job basis.

It is easy to see that the competitive factor of the MPS
algorithm is lower bounded by the competitive factor of the
PS algorithm considering a degenerated Grid that only contains
a single machine. The best possible PS on-line non-clairvoyant
algorithm has a competitive factor of 2 − 1/m with m denoting
the number of processors in the parallel machine; see results of
Naroska and Schwiegelshohn [32]. Hence, the lower bound of a
competitive factor for any general two-layer on-lineMPS is at least
2 − 1/m.

4.1.1. Allocation strategies
Three different levels of available information for job allocation

are distinguished in this paper. Each level differs in type and
amount of information it requires to perform the job allocation.
Level A: Once a job has been submitted its processor requirements
are known. There is no information on the required processing
time of jobs, that is, we consider non-clairvoyant scheduling on
this level. But our algorithmmayuse information of previously per-
formed allocations. Algorithms Random, MLp, MPL, LBal_S allocate
jobs to the admissible site randomly, to the site with least load per
processor (mini=1,...,m (ni/mi)), to the site with least job proces-

sor requirements per processor (mini=1,...,m


gk=i(sizek/mi)


),

and to the site with the least standard deviation of job processor

requirements per processor (minq=1,...,m


1
m

m
i=1


PLqi − PL

2
),

with PLqi=1,...,m =
1
mi


gk=i


sizek + sizeqj


and sizeqj being the size

of job Jj added to site q.
Level B: We have access to all information of Level A and to job
runtime estimate p′

j . MLB allocates job to the site with least work

per processor mini=1,...,m


gk=i

sizek·p′
k

mi


before allocating job Jj.

Level C: We have access to all information of Level B and to all
local schedules as well. MCT, MWT, MWWT_S, MST allocate job Jj
to the site with earliest completion time mini=1,...,m{C i

max} before



968 A. Quezada-Pina et al. / Future Generation Computer Systems 28 (2012) 965–976
Fig. 1. An example of admissible processors for allocation of jobswith a factor a [1].

allocating job Jj, to the site with minimum average job waiting

time mini=1,...,m


gk=i

tkw
ni


, to the site with minimum average

job weighted waiting time mini=1,...,m


gk=i(t

k
w · weightk/ni)


,

and to the site with earliest start time for this job mini=1,...,m

sij

,

respectively. More details on the allocation strategies can be found
in [6].

4.1.2. Admissible allocation
The analysis of on-line machine allocation problem has rarely

been addressed so far. Unfortunately, the allocation may result
in inefficient machine utilization in the worst case. One of the
structural reasons for such inefficiency in on-line job allocation
is potential occupation of large machines by jobs with small
processor requirements causing highly parallel jobs to wait for
their execution if they are submitted later.

In [1] the admissible set of machines for a job Jj was defined
to be the machines with indexes {fj, . . . , lj} (or simple {f , . . . , l},
if it does not cause any ambiguity), where fj is the smallest index
i such that mi ≥ sizej, and lj is the smallest machine index such
that sfj,lj ≥ a · sfj,m (see Fig. 1), where sfj,lj is be the total number of
processors belonging to machines from Nfj to Nlj . Note, that lj ≤ m
always holds. An admissible factor 0 < a ≤ 1 parameterizes the
admissibility ratio used for the job allocation. Note that at least
one machine is admissible as a is strictly larger than 0, while
a = 1 defines all available machines are admissible. If f is the
smallest index such that mf ≥ sizej then the job can be allocated
to machines from index f to m. The admissible factor reduces
available machines to the machines with indexes from f to l
(see Fig. 1).

Let us assume that job Jj is allocated to a machine from the
set f , . . . , l that contains a · sf ,m processors (see Fig. 1). Hence,
(1 − a) · sf ,m processors are excluded from sf ,m processors eligible
for allocation of job Jj. Note that machines are indexed in non-
decreasing order of their sizes. Obviously, the total set of machines
is represented by the integer set 1, . . . ,m.

5. Analysis of the algorithms

In this section, we analyze two algorithms named MLBa + PS
and MCT a + PS, where not all machines are admissible for a given
job although they are able to execute this job. We show that the
performance of allocation strategies depends on the admissible
factor, and can be dynamically adapted to cope with different
workloads and changes in the configuration.

Theorem 1. Off-line scheduling of rigid parallel jobs on Grids with
identical processors using the algorithmMCT a+PS with an admissible
allocation range 0 < a ≤ 1 has the approximation factor

ρ ≤


1 +

2
a2

if a ≤
sf ,l
sf0,m

1 +
2

a(1 − a)
if a >

sf ,l
sf0,m

with 1 ≤ f0 ≤ f ≤ l ≤ m being parameters that depend on the
machine configuration and workload.
Proof. Let us assume that the makespan of machine k is also the
makespan Cmax of the Grid, so that Cmax = Ck holds. Further, let job
Jd be the last job that was added to this machine.

Since Jd was added to machine k,MCT a guarantees Ck ≤ Ci
before adding Jd. Hence, based on the 2-competitiveness of the
algorithm PS, we have Ck ≤ min Ci = min{2 · max{pmax,

Wi
mi

}}, and

Ck ≤ max{min{2pmax},min{2Wi
mi

}}. Let machine e be the machine

with the smallest ratio Wi
mi

: We
me

= minf≤i


Wi
mi


. Hence, Ck ≤

max{2pmax, 2We
me

}. By adding Jd we obtain

Cmax ≤ Ck + pd ≤ Ck + pmax and

Cmax ≤ max

2
Wi

mi
+ pmax, 3pmax


.

(1)

Let us now consider properties of the optimal solution.

Wf ,l =

l
i=f

Wi =

l
i=f

Wi

mi
· mi ≥

l
i=f

We

me
· mi

=
We

me

l
i=f

·mi =
We

me
· sf ,l. (2)

Let Jb be the job having the smallest size among all jobs that
can be executed at machine Nf in our schedule, that is lb ≥ f .
Hence jobs packed at Nf , . . . ,Nl cannot be allocated to a machine
with a smaller index than fb. As Jb can be executed on machine Nf ,
we have C∗

max ≥
Wf ,l
sf0,m

. Substituting (2) in this formula, we have

C∗
max ≥

We
me

·
sf ,l
sf0,m

.

With sf ,l ≥ a · sf ,m, we obtain sf ,l ≥ a2 · sf0,m if a ≤
sf ,m
sf0,m

holds.

This yields C∗
max ≥

We
me

·
sf ,l
sf0,m

≥
We
me

· a2.

Due to C∗
max ≥ pmax, we have with (1) ρ ≤ max{ 2·We

me·C∗
max

+

pmax
C∗
max

,
3pmax
C∗
max

} ≤ max{1 +
2
a2

, 3} and ρ ≤ 1 +
2
a2
, since a < 1.

With sf0,m ≤ sf ,m + a · sf0,m (see Fig. 1), and if a >
sf ,m
sf0,m

,

we have C∗
max ≥

We
me

·
sf ,l
sf0,m

≥
We
me

·
a·sf ,m
sf ,m
1−a

=
We
me

· a · (1 − a)

and ρ ≤ max{ 2·We
me·C∗

max
+

pmax
C∗
max

,
3pmax
C∗
max

} ≤ max{1 +
2

a·(1−a) , 3}

and ρ ≤ 1 +
2

a·(1−a) , since a < 1. �

Theorem 2. Off-line scheduling of rigid parallel jobs on Grids with
identical processors using the algorithmMLBa+PS with an admissible
allocation range 0 < a ≤ 1 has an approximation factor of

ρ ≤


1 +

2
a2

if a ≤
sf ,l
sf0,m

1 +
2

a(1 − a)
if a >

sf ,l
sf0,m

with 1 ≤ f0 ≤ f ≤ l ≤ m being parameters that depend on the
machine configuration and workload.

Proof. Let us assume that the makespan of machine k is also the
makespan of the Grid, so that Cmax = Ck holds.

Further, let job Jd be the last job that was added to this machine.
Machines f = fd, . . . , l = ld constitute the set Madmissible(d).

Since Jd was added to machine k,MLBa guarantees
Wk
mk

≤
Wi
mi

for all
i = f , . . . , l. Note thatWk does not include the work of job Jd.

Hence, based on the property of the 2-competitive PS we have

Ck ≤ max

2 ·

Wk

mk
, 2 · pmax


. (3)
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We know that

Wf ,l =

l
i=f

Wi =

l
i=f

Wi

mi
· mi ≥

l
i=f

Wk

mk
· mi

=
Wk

mk

l
i=f

·mi =
Wk

mk
· sf ,l. (4)

Let Jb be the job having the smallest size among all jobs executed
at machines Nf , . . . ,Nl. We use the notation f0 = fb. Hence jobs
packed at Nf , . . . ,Nl cannot be allocated to a machine with a
smaller index than f0. As Jb is executed on one of the machines
Nf , . . . ,Nl, we have lb ≥ f and C∗

max ≥
Wf ,l
sf0,m

.

Substituting (4), we have C∗
max ≥

Wk
mk

·
sf ,l
sf0,m

.

As scheme MLBa uses Wk without including the work of job
Jb, we must consider job Jb in addition. In the worst case, Ck is
increased by pd ≤ C∗

max resulting in Cmax ≤ Ck + C∗
max and ρ ≤

1 +
Ck

C∗
max

. Due to (3), we have ρ ≤ 1 +
max{2Wk

mk
,2pmax}

C∗
max

.

With sf ,l ≥ a · sf ,m, we obtain sf ,l ≥ a2 · sf0,m if a ≤
sf ,m
sf0,m

. This

yields C∗
max ≥

Wk
mk

·
sf ,l
sf0,m

≥
Wk
mk

· a2 and ρ ≤ 1+
max{2Wk

mk
,2pmax}

C∗
max

. Since
2
a2

≥ 2, we have ρ ≤ 1 +
2
a2
.

With sf0,m ≤ sf ,m + a · sf0,m (see Fig. 1), and if a >
sf ,m
sf0,m

, we

have C∗
max ≥

Wk
mk

·
sf ,l
sf0,m

≥
Wk
mk

·
a·sf ,m
sf ,m
1−a

=
Wk
mk

· a · (1 − a) and

ρ ≤ 1 +
max{2Wk

mk
,2pmax}

C∗
max

≤ 1 +
2

a·(1−a) . �

Note that bothMLBa+PS andMCT a+PS approximation bounds
produce the same result ρ ≤ 9 for a = 0.5.

Theorem 3. On-line scheduling of rigid parallel jobs on Grids with
identical processors using the algorithms MCT a + PS and MLBa + PS
with an admissible allocation range 0 < a ≤ 1 has the competitive
factor

ρ ≤


3 +

2
a2

if a ≤
sf ,l
sf0,m

3 +
2

a(1 − a)
if a >

sf ,l
sf0,m

with 1 ≤ f0 ≤ f ≤ l ≤ m being parameters that depend on the
machine configuration and workload.

Proof. Let assume that r is the release date of the last job in
a schedule. After time r , an off-line algorithm can be applied.
However, it must start with all processors being idle. Time span
to reach it is limited to the maximum processing time of any job.
Therefore, the schedule terminates after time r + pmax + Cmax at
the latest. The theorem is valid as the inequalities C∗

max ≥ r and
C∗
max ≥ pmax hold, see Theorems 1 and 2. �

Remark. Figs. 2 and 3 show the bounds of the competitive factor
of strategies MCT a + PS and MLBa + PS if the admissible values
a ≤

sf ,l
sf0,m

and a >
sf ,l
sf0,m

, respectively. One can see that if a ≤
sf ,l
sf0,m

the worst case bounds change from ∞ to 5 (Fig. 2) as a function of
a. If a >

sf ,l
sf0,m

the worst case bounds change from ∞ (if a is close
to 0) to ∞ (if a is close to 1) (see Fig. 3) with minimum value 11 if
a = 0.5. Fig. 4 shows the resulting bound that is the maximum of
worst case competitive factors showed in Figs. 2 and 3. The bound
produces ρ ≤ 11 for a = 0.5.
Fig. 2. The competitive factor of strategiesMCT a + PS andMLBa + PS if a ≤
sf ,l
sf0 ,m

.

Fig. 3. The competitive factor of strategiesMCT a + PS and MLBa + PS if a >
sf ,l
sf0 ,m

.

Theorem 4. Scheduling of rigid parallel jobs on Grids with identical
processors using the algorithms MCT a + PS,MLBa + PS and jobs with
sizes that are fitted to the smallest machine has the approximation
factor of 3 and competitive factor of 5.

Proof. The proof follows immediately considering constraints re-
lated to the size of the jobs. If all jobs have sizes of nomore than the
size of the smallest machine, sizej ≤ m1, then all jobs can be allo-
cated to all machines from 1 to m. Hence, we get f0 = f = 1. Con-
sidering l = m, we have sf ,l = sf0,m, a = 1. Due to Theorems 1–3,
we get ρ ≤ 3 for the off-line case and ρ ≤ 5 for the on-line
case. �

6. Experimental setup

Two fundamental issues have to be addressed for performance
evaluation. On one hand, representative workload traces are
needed to produce reliable results. On the other hand, a good
testing environment should be set up to obtain reproducible and
comparable results. In this section, we present commonGrid trace-
based simulation setups with an emphasis on the mentioned two
issues.

6.1. Grid configuration

One of the goals of this work is to evaluate the viability of
our algorithms in large HPC infrastructures. We use several traces
collected from HPC and Grid architectures (introduced in the
following subsection). Furthermore, we define a possible large
multi-site HPC system composed by resources that are related to
the traces.
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Fig. 4. The competitive factor of strategiesMCT a + PS and MLBa + PS.

We consider three Grid scenarios. In Grid1, we considered
7 existing sites (KTH, SDSC-SP2, HPC2N, CTC, LANL, SDSC-BLUE,
SDSC-DS)with total 4442 processors. Corresponding realworkload
traces are used. These traces belong to machines with 100, 128,
240, 430, 1024, 1152 and 1368 processors, respectively.

In Grid2, we considered 9 sites (5 sites of Grid DAS, KTH, HP2CN,
CTC and LANL) with a total of 2194 processors. The sizes of the
machines are 64, 64, 64, 64, 100, 144, 240, 430 and1024processors.
Corresponding traces are used. Further details regarding the traces
features can be found in the ParallelWorkloads Archive (PWA) [33]
and the Grid Workloads Archive (GWA) [34].

In Grid3 scenario, we consider a much smaller Grid of 11 sites
with a total of 136 processors of the following sizes 4, 4, 4, 4, 8, 8,
8, 16, 16, 32, 32. We use such a scenario to simulate a heavy load
of jobs with high parallelism and low parallelism. It simulates test
cases considered in Theorems 1–3, where not all jobs can be fitted
to the smallestmachine. In Grid3, we use Grid2workloadwith jobs
that required at most 32 processors. In this workload, 1 processor
is required by 37% of jobs; 2, 4, 8, and 32 processors are required
by 23%, 10%, 6% and 5% of jobs, respectively.

In Grid1 and Grid2 scenarios, most of jobs can be allocated to
the smallest machine, as considered in Theorem 4. For instance, in
the traces of Grid2, most of the jobs require at most 32 processors
(97%) and can be allocated to the smallest machine of size 64.

6.2. Workload

The accuracy of the evaluation highly relies upon the applied
workloads. For testing the job execution performance under a
dedicated Grid environment, we use Grid workloads based on
real production traces. Carefully reconstructed traces from real
supercomputers provide a realistic job stream for simulation-
based performance evaluation of Grid job scheduling algorithms.
In this paper, traces from the archives PWA and GWA are used.

Unification of these sites into a Grid will require a merging
of users and their jobs. It does not guarantee a representation of
a real Grid; nevertheless, in absence of common Grid workload
traces, it is a reasonable starting point to evaluate Grid scheduling
strategies based on real traces. Time zone normalization, profiled
time intervals normalization, and invalid jobs filtering are
considered. More information about their properties and detailed
characteristics of individual traces can be found in the archive
of Dror Feitelson [33]. Note that they also provide user run time
estimates for all jobs. Background workload (locally generated
jobs) is an important issue in non-dedicated Grid environments,
but is not considered in this paper.

The number of jobs in Grid1 workload is just half of the number
of jobs in Grid2workload. However, resource consumption is twice
as much. It gives us two different scenarios for simulation.
In Grid1 workload, most of the jobs require at most 128
processors (95%). 1 processor is required by 18% of jobs; 8, 16,
32, 64 processors are required by 20%, 9%, 14% and 8% of jobs,
respectively. The workload of Grid2 is less parallel. Most of the
jobs require at most 32 processors (97%), 1 processor is required
by 36% of jobs; 2, and 4 processors are required by 26% and 9% of
jobs, respectively. Hence, we have observed predominance of low
parallel jobs in both logs with maximal job sizes 1368, 1024, 32 in
Grid1, Grid2 and Grid3, respectively.

7. Simulation results

This section presents and analyzes the simulation results of
our job allocation strategies using the performance metrics as
described in Section 2. Details of the Grid configurations and traces
used in our experiments are described in Section 6.

The experimental evaluation of the two stage scheduling
strategies MPS = MPS_Alloc + PS is performed in two steps. In
the first step, we compare nine allocation strategies presented in
Section 4.1.1. User run time estimates are used in both MPS_Alloc
and PS. In the second part, we present a detailed study of the
impact of the admissible factor incorporated into the job allocation
policies on the overall Grid performance. We show that the
presented algorithms are beneficial under certain conditions, and
allow an efficient implementation in real systems.

To obtain valid statistical values, experiments of 6-months time
interval are simulated for Grid1 and Grid2, and 30 experiments of
7 days for Grid3.

7.1. Evaluation method

Since the problem is multi-objective in its general formulation,
several performance criteria are considered. A good scheduling
algorithm should schedule jobs to achieve high Grid performance
while satisfying various other demands. Often, resource providers
and users have different, sometimes conflicting, performance
goals: fromminimizing response time to optimizing the resources
utilization. Grid resource management may use multi-criteria
decision support. General multi-criteria decision methodology
based on the Pareto optimality can be applied for this purpose.
However, it is very difficult to achieve fast solutions by using the
Pareto dominance as needed for Grid resource management. The
problem is very often simplified to a single objective problem
or to the different methods of objective combining. There are
various ways to model preferences, for instance, they can be
given explicitly by stakeholders to specify the importance of every
criterion or a relative importance between criteria. This can be
done by a definition of criteria weights or criteria ranking by their
importance.

In order to provide effective guidance in choosing the best
strategy we performed a combined analysis of several metrics
according to the methodology proposed by Tsafrir et al. [35] and
applied for the Grid scheduling problem in [6]. They introduce
an approach to multi-criteria analysis assuming equal importance
of each metric. The goal is to find a robust and well performing
strategy under all test cases, with the expectation that it will
also perform well under other conditions, e.g., with different Grid
configurations and workloads.

The analysis is conducted as follows. First, we evaluate the
degradation (relative error) in performance of each strategy under
each metric. This is done relative to the best performing strategy
for the metric: 100 · ( metric

best_metric − 1). Thus, for three main metrics
(Section 2.2), each strategy is characterized by 3 numbers (9 for
3 Grids), reflecting its relative performance degradation under
the test cases. Then, we average these 3 values (assuming equal
importance of each metric), and rank the strategies for each
Grid. The best strategy, with the lowest average performance
degradation, has rank 1; the worst strategy has rank 9.
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Table 1
Rounded percentages of the performance degradations of the strategies for 3 Grids and 3 metrics.

Metrics Strategy
MCT MLB LBal_S MLp MPL Random MST MWWT_Sa MWT

ρ

Grid1 0 0 0 2 0 21 0 7 0
Grid2 0 0 0 0 0 2 0 0 0
Grid3 2 22 19 87 17 83 0 45 26

SDb

Grid1 1284 408 18 71 0 41924 91 12576 204
Grid2 4001 754 17 53 0 12196 111 7550 628
Grid3 1 33 10 65 18 46 0 50 42

tw
Grid1 1256 463 11 119 0 51929 80 17303 252
Grid2 4833 1799 70 153 0 18027 252 9132 933
Grid3 1 32 9 65 16 49 0 47 40
Table 2
Mean percentages of the performance degradation of the strategies and their ranking of Grid1, Grid2 and Grid3.

MCT MLB LBal_S MLp MPL Random MST MWWT_S MWT

Mean
Grid1 846.7 290.3 9.7 64.0 0.0 31291.3 57.0 9962.0 152.0
Grid2 2944.7 851.0 29.0 68.7 0.0 10075.0 121.0 5560.7 520.3
Grid3 1.3 29.0 12.7 72.3 17.0 59.3 0.0 47.3 36.0

Mean over all test cases 1264.23 390.10 17.13 68.33 5.67 13808.53 59.33 5190.00 236.10

Ranking
Grid1 7 6 2 4 1 9 3 8 5
Grid2 7 6 2 3 1 9 4 8 5
Grid3 2 5 3 9 4 8 1 7 6

Ranking over all test cases 7 6 2 4 1 9 3 8 5
Table 3
Grid3. Percentages of the performance improvements of the strategies with admissible allocation if a = 0.5 (3 metrics).

Metrics Strategy
MCT a MLBa LBal_Sa MLpa MPLa Randoma MST a MWWT_Sa MWT a

ρ 1.25 2.51 0.37 24.79 1.54 22.68 0.78 2.54 3.06
SDb 0.96 0.80 3.12 62.69 5.20 7.76 1.78 4.49 11.64
tw 1.06 1.11 2.75 57.88 4.80 10.24 1.80 0.67 8.29
Average 1.09 1.47 2.08 48.45 3.85 13.56 1.45 2.57 7.66

Ranking 9 7 6 1 4 2 8 5 3
Then, we calculate the average performance degradation of
Grid1, Grid2, and Grid3. We try to identify strategies which
perform reliably well in different scenarios; that is, we try to find
a compromise that considers all of our test cases. For example, the
rank of the strategy in the average performance degradation could
not be the same for any of themetrics individually or for any of the
Grid scenarios individually.

7.2. Allocation strategies

The performance data for various combinations of allocation
strategies with EASY local scheduling algorithm are presented
in [6]. The authors show the mean degradations of fourteen
allocation strategies in Grid1 and Grid2, considering 24 frequently
used performance metrics.

To consider more test cases, in this paper, we evaluate these
strategies under Grid3 scenario. Table A.1 in Appendix shows
complete results. Table 1 shows the performance degradation of
strategies over our three main metrics. Table 2 shows the mean
performance degradation and ranking of Grid1, Grid2 and Grid3
scenarios.

We find that in large Grids the MPL and LBal_S allocation
strategies that take only job sizes into account perform better
than the others algorithms for waiting time, bounded slowdown,
and competitive factor metrics. Additional information used in the
allocation phase such as available on the level B and C does not help
to construct better Grid schedules.

In small Gridswith heavy load the allocation strategiesMST and
MCT that use local schedule information, also referred as resource
state information, slightly surpass other approaches in terms of the
samemetrics if user runtime estimates p′

j are used. However, in all
test cases theMPL and LBal_S show advantages.

It turns out that MPL and LBal_S are the best performing
algorithms. Besides the performance aspect the use of MPL and
LBal_S does not require additional management overhead such
as requesting information about local schedules or constructing
preliminary schedules by the Grid broker. We arrive at this
conclusion based on a wide range of simulation parameters and
metrics.

We find that in large grids small degradation in the competitive
factor is probably because in the considered on-line scenarios and
given workloads the last arrived jobs determined the makespans.

7.3. Admissible allocation strategies

The admissible factors used for all experiments are in the range
from 0.1 to 1 with step 0.1.

Tables A.2–A.4 in the Appendix show complete admissible
allocation results. Table 3 shows percentages of the performance
improvements of the strategies considering our three main
metrics. Improvements considering all metrics are presented in
Table A.2 in Appendix.

The scheduling length is reduced in most strategies when
applying the admissible job allocation. MLpa and Randoma reduce
the competitive factors more than 20%. The strategies MST a and
MCT a with the smallest initial competitive factors have small
improvements (0.78% and 1.25%).We can see that the performance
improvement of bounded slowdown varies greatly from 0.8% up to
62.69%, and waiting time from 0.67% up to 57.88%.
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Table 4
Grid3. The performance degradation ranking of the strategies without (a = 1) and with admissible job allocation
(a = 0.5).

Rank Strategy
MCT MLB LBal_S MLp MPL Random MST MWWT_S MWT

a = 1 2 5 3 8 4 9 1 7 6
a = 0.5 3 7 4 1 5 8 2 9 6
Table 5
Grid 3. Percentages of the performance degradation of strategies and their ranking if a = 0.5 and a = 1 (3 metrics).

Metrics Strategy
MCT a MCT MLBa MLB LBal_Sa LBal_S MLpa MLp MPLa MPL Randoma Random MST a MST MWWT_Sa MWWT_S MWT a MWT

ρ 1 2 20 23 20 19 41 87 15 17 41 83 0 0 43 45 22 26
SDb 62 63 114 115 73 79 0 168 81 91 118 136 59 62 142 143 112 130
tw 44 45 87 90 52 57 0 137 58 66 93 115 41 44 110 111 85 102
Average 36 37 74 76 48 52 14 131 51 58 84 111 33 35 98 100 73 86
Ranking 4 5 11 12 6 8 1 18 7 9 13 17 2 3 15 16 10 14
Fig. 5. Grid3. Mean competitive factor degradation ranking.

Fig. 6. Grid3. Mean bounded slowdown degradation ranking.

MLp and Random show better improvements with admissible
job allocation constraints. These constraints incorporate job
processor requirements into the decision maker helping to obtain
better load balance. Other strategies that use job sizes in their
original definition have considerable smaller benefit.
Fig. 7. Grid3. Mean waiting time degradation ranking.

Table 4 shows the ranking of the strategies with and without
admissible allocation in Grid3. In this scenario, with a = 1 MST,
MCT, LBal_S, and MPL outperform the other algorithms providing
graceful performance degradation and able to cope with different
demands. However, with admissible allocation of a = 0.5 MLp
outperforms those showing the best results.

Table 5 shows percentages of the performance degradation of
strategies if a = 0.5 and a = 1 considering three metrics average.

Figs. 5–8 shows the performance degradations rankings of
19 strategies with and without admissible scheme. Figs. 5–7
depict the ranking for each metric with percent of corresponding
degradation. As expected, MST a, MST, MCT a, and MCT strategies
deliver good performance and outperforms other algorithms in
terms of approximation factor. MLpa is the best performing
algorithm for mean bounded slowdown and mean waiting time
metrics.MST a,MCT a,MST, andMCT performwell forminimization
of these two metrics. They show a similar behavior and differ
by 60% in the performance degradation from the best strategy
in terms of mean bounded slowdown and 45% in terms of mean
waiting time.

Fig. 8 shows the mean degradation ranking considering all test
cases.

We can see that the three best strategies are achieved with an
admissible factor a = 0.5.
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Table A.1
Percentages of the performance degradation of Grid 1, Grid 2 and Grid 3.

Metric Strategy
MCT MLB LBal_S MLp MPL Random MST MWWT_Sa MWT

ρ

Grid1 0 0 0 2 0 21 0 7 0
Grid2 0 0 0 0 0 2 0 0 0
Grid3 2 22 19 87 17 83 0 45 26

SD
Grid1 1501 469 20 93 0 53741 100 17658 236
Grid2 5734 1031 10 62 0 17688 110 17609 999
Grid3 1 33 13 63 19 41 0 54 43

SDb

Grid1 1284 408 18 71 0 41924 91 12576 204
Grid2 4001 754 17 53 0 12196 111 7550 628
Grid3 1 33 10 65 18 46 0 50 42

Th
Grid1 0 0 0 2 0 18 0 7 0
Grid2 0 0 0 0 0 2 0 0 0
Grid3 1 18 17 47 14 44 0 27 19

TA
Grid1 47 17 0 4 0 1923 3 641 9
Grid2 93 34 1 3 0 345 5 175 18
Grid3 1 32 9 65 15 49 0 46 40

U
Grid1 0 0 0 2 0 18 0 7 0
Grid2 0 0 0 0 0 2 0 0 0
Grid3 2 18 16 46 15 46 0 30 20

tw
Grid1 1256 463 11 119 0 51929 80 17303 252
Grid2 4833 1799 70 153 0 18027 252 9132 933
Grid3 1 32 9 65 16 49 0 47 40

WTA
Grid1 100 49 0 35 2 2513 0 909 35
Grid2 135 74 2 19 0 457 7 271 55
Grid3 2 28 8 112 16 111 0 13 34

WTAw

Grid1 23 5 0 6 0 815 1 292 8
Grid2 20 7 1 4 0 91 2 65 11
Grid3 2 24 10 102 16 110 0 11 30

WWT s

Grid1 378 187 0 130 6 9483 1 3429 132
Grid2 700 384 10 101 0 2378 39 1411 287
Grid3 2 28 8 112 16 112 0 13 34
Table A.2
Grid 3. Percent of the performance metric improvement with corresponding admissibility factor.

Metric Strategy
MCT a MLBa LBal_Sa MLpa MPLa Randoma MST a MWWT_Sa MWT a

ρ
1.25 2.51 0.37 24.79 1.54 22.68 0.78 2.54 3.06
0.5 0.5 0.6 0.5 0.5 0.5 0.6 0.6 0.5

SD 1.06 0.37 4.08 65.75 5.68 5.44 1.78 6.18 12.80
0.5 0.6 0.5 0.5 0.5 0.5 0.5 0.2 0.2

SDb
0.96 0.80 3.12 62.69 5.20 7.76 1.78 4.49 11.64
0.5 0.2 0.5 0.5 0.5 0.5 0.5 0.2 0.2

Th 0.51 3.14 0.00 34.68 0.0 25.62 1.57 3.35 1.19
0.5 0.5 0.6 0.5 – 0.5 0.6 0.5 0.5

TA 1.06 1.11 2.75 57.83 4.79 10.22 1.80 0.67 8.28
0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.2 0.2

U 1.12 2.55 0.32 31.25 1.64 29.43 0.67 2.44 3.01
0.5 0.5 0.6 0.5 0.5 0.5 0.6 0.6 0.5

tw
1.06 1.11 2.75 57.88 4.80 10.24 1.80 0.67 8.29
0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.2 0.2

WTA 1.41 4.13 2.46 36.06 4.78 29.81 0.67 0.81 7.09
0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

WTAw
1.83 4.22 1.91 29.87 4.31 30.58 0.76 0.53 7.13
0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.6 0.5

WWT s
1.41 4.13 2.46 36.09 4.79 29.84 0.67 0.81 7.10
0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
8. Conclusion and future work

As Grids become more prevalent, the problem of resource
allocation and scheduling is crucial, not only to achieve high
Grid performance, but also to satisfy various demands. While
theoretical Grid scheduling models based on worst case analysis
are beginning to emerge, fast statistical techniques applied to real
data have empirically been shown to be effective.
In this paper, we address non-preemptive on-line scheduling
of parallel jobs on a Grid. We present a detailed performance
evaluation of job allocations algorithms. Our extensive study
results in several contributions.

Firstly, we derived a competitive bound of 11 for the on-line
adaptive Grid scheduling algorithmsMLBa+PS andMCT a+PS with
admissible job allocation improving bound of 17 as presented by
the authors in paper [1], and provide a new off-line approximation
bound of 9.
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Table A.3
Grid 3. Percentages of the performance degradation of strategies with a = 1 and a = 0.5.

Metric Strategy
MCT a MCT MLBa MLB LBal_Sa LBal_S MLp_a MLp MPLa MPL Randoma Random MST a MST MWWT_Sa MWWT_S MWT a MWT

ρ 1 2 20 23 20 19 41 87 15 17 41 83 0 0 43 45 22 26
SD 79 81 139 139 94 102 0 192 102 114 140 154 76 80 174 176 137 156
SDb 62 63 114 115 73 79 0 168 81 91 118 136 59 62 142 143 112 130
Th 1 2 16 19 19 17 29 47 17 14 30 45 0 1 25 28 19 19
TA 43 45 87 89 52 56 0 137 58 66 93 115 41 44 110 111 85 101
U 1 2 16 18 16 16 29 46 13 15 30 46 0 0 29 30 18 20
tw 44 45 87 90 52 57 0 137 58 66 93 115 41 44 110 111 85 102
WTA 1 3 24 29 6 9 36 113 11 17 49 113 0 1 12 13 25 35
WTAw 1 3 19 25 8 11 43 104 12 17 47 112 0 1 11 12 22 31
WWT s 1 3 24 29 6 9 37 114 11 17 49 113 0 1 12 13 25 35
Average 23.4 24.9 54.6 57.6 34.6 37.5 21.5 114.5 37.8 43.4 69 103.2 21.7 23.4 66.8 68.2 55 65.5
Table A.4
Grid 3. Percentages of the performance degradation of strategies with a = 0.5.

Metrics Strategy
MCT a MLBa LBal_Sa MLpa MPLa Randoma MST a MWWT_Sa MWT a

ρ 1 20 20 41 15 41 0 43 22
SD 79 139 94 0 102 140 76 174 137
SDb 62 114 73 0 81 118 59 142 112
Th 1 16 19 29 17 30 0 25 19
TA 43 87 52 0 58 93 41 110 85
U 1 16 16 29 13 30 0 29 18
tw 44 87 52 0 58 93 41 110 85
WTA 1 24 6 36 11 49 0 12 25
WTAw 1 19 8 43 12 47 0 11 22
WWT s 1 24 6 37 11 49 0 12 25
Average 23.4 54.6 34.6 21.5 37.8 69 21.7 43 55
Fig. 8. Grid3. Mean degradation ranking for all test cases.

We also adapted our problem to the one described in [2], where
all jobs fit to the smallest machine, and derived an approximation
factor of 3 and a competitive factor of 5.

Note that in [2] a 5/3 approximation algorithm is provided only
for off-line problem, while on-line scheduling was not considered.
Moreover, our algorithms are simple, proceed on a job-by-job
basis, and allow an efficient implementation in real systems.

Secondly, we study nine allocation strategies depending on
the type and amount of information they require together
with EASY backfilling local scheduling algorithm. We conduct a
comprehensive evaluation of their practical performance using
simulation for three different Grid scenarios over ten metrics.
Thirdly, we present a detailed study of the impact of the
admissible factor incorporated into the job allocation policies
on overall Grid performance. We show that the algorithms are
beneficial under certain conditions.

The selection of the appropriate strategy for Grids depends on
preferences of different decision makers of Grids (end-users, local
resource providers, and Grid administrators). To provide effective
guidance in choosing a good strategy,weperformed a joint analysis
of three metrics based on the degradation in performance of each
strategy under each metric in all test cases.

Simulation results presented in the paper reveal that in terms
of considered criteria, admissible allocation strategies outperforms
algorithms that use all available sites for job allocation. We
conclude that adaptive admissible allocation strategies are robust
and stable even in vastly different conditions, and able to copewith
different workloads.

In real Grids, the admissible factor can be dynamically adjusted
to cope with the dynamic workload situation. To this end, the past
workloadmust be analyzed for a certain time interval to determine
an appropriate admissible factor. The time interval should be set
according to workload characteristics, and Grid configurations.

When we examine the overall Grid performance on the real
data, we find that strategies perform well if they take into account
job processor requirements (job size) for job allocation. Allocation
strategies that are based on knowledge of user run time estimates
and local schedules show lower performance.

The final results suggest simple schedulers with admissible
job allocation, which require minimal information and little
computational complexity.
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