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Abstract—Frequency domain sensors (FDS) are important
elements in control, data acquisition and monitoring systems.
Such sensors have some outstanding characteristics like output
of quasi-digital signals, high sensitivity, high resolution, wide
dynamic range, anti-interference capacity and good stability. A
FDS converts a physical variable (measurand) into a frequency
domain ouput. When the measurand changes, the output has a
proportional frequency shift. In systems that use FDS, measuring
the frequency shift is desirable. Accuracy of most frequency measurement techniques is limited by measurement time, and if more
precision is required, longer times for measuring are needed. In
this work, a novel approach using the rational approximations
principle for measuring frequency shift in the output of a FDS
is introduced. Also algorithms for simulating the mathematical
model of frequency measurement process are proposed, and
resolution of measurement is improved by analyzing the data
obtained.
Index Terms—frequency measurement, frequency shift, FDS

I. I NTRODUCTION
Frequency domain sensors (FDS) are used for measuring
physical parameters (measurand). In FDS (also known as
“frequency output sensors”), the measurand is converted into
a quasi-square wave with a frequency or period [1]. After the
measurand variation, a frequency shift occurs in the sensor’s
output. Frequency meters are used for measuring the FDS
output value.
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Quartz crystal microbalances and surface acoustic wave
sensors are examples of FDS. When a frequency domain
sensor experiments a frequency shift, the variations on its
output are several orders of magnitude below the original
output value. We’ll briefly review some examples of frequency
shifts in FDS reported on the literature. In [2], a silver-coated
QCM resonator operating to 9 MHz experimented a frequency
shift around 80 Hz, and frequency shifts were recorded by an
Agilent 53131A universal counter. A QCM with fundamental
frequency of 5 MHz with frequency shifts of 20 Hz was
reported in [3], and the measurements were performed using
QCM200 Quartz Crystal Microbalance (Stanford Research
Systems). 16 MHz QCM with frequency shift close to 20 Hz
was reported in [4].
Accuracy of most frequency measurement techniques is
limited by measurement time [5], [6]. As consequence if more
precision is required, longer times for measuring are needed.
A novel technique proposed by Sergiyenko-Hernandez [7] is
a powerful tool for fast frequency measurement. Advantages
of this method have been explored, such as invariance to
jitter [8] and high resolution [9]. Also, diverse applications
on automotive [10], [11] and aerospace industries [12], [13]
have been proposed. The frequency measurement principle by
rational approximations [7] is a suitable tool for analyzing
frequency shifts in FDS outputs. Most analysis are made when
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the measurand is in steady-state, this means that frequency
value has a fixed value. In this work, frequency shift analysis is
introduced, and results of analysis are presented and discussed.
II. F REQUENCY MEASUREMENTS USING THE RATIONAL
APPROXIMATIONS PRINCIPLE

In this section, a short review of the frequency measurement
principle by rational approximations is introduced. Also the
mathematical modeling and parameters of signals required for
measuring is presented.
The frequency measurement principle by rational approximations states that, by comparing a signal to be measured (Sx ),
having an unknown frequency (fx ) against a reference signal
(S0 ) whose frequency (f0 ) is known, fx can be calculated. In
this method, both signals must be conditioned in such way,
that the pulse width (τ ) in each period in both signals is the
same, also τ < T0 , where T0 is the period of S0 . Pulses in
signals after conditioning process are shown on Fig. 1, where
tr , th , tf ,tl , are falling time, high level time, falling time, and
low level time respectively. Vh is the high level voltage, and
Vl is the low voltage level .

Figure 2. Frequency measurement by rational approximations: signals comparison

approximation is obtained, this is another well known property
in classic metrology, by increasing measurement time, the
accuracy of measurement increases [14]. Finally the unknown
frequency value (fx ) of Sx can be obtained using the known
frequency value (f0 ) of standard S0 :
fx = f0

Pn
,
Qn

(2)

from Eq. 1 and 2:
P
Pn
fx = f0 P m
.
Q
m n

The relative error (β) for the frequency measurement principle by rational approximations is given by:

Figure 1. Pulses in signals after signal conditioning

After the previous conditions are fulfilled, the signals are
multiplied using the AND-logical function, this leads to the
creation of a coincident pulse train (Sx &S0 of Fig. 2). When
the pulses in both signals exist at the same time, there is a pulse
coincidence, if the duration of the coincidence has the same
value than τ , a perfect coincidence exists, otherwise there is a
partial coincidence. As it can be seen on Fig. 1, the pulses in
any signal (Sx &S0 ) are not perfectly square. The last is due
the existence of tr and tf , as consequence the ideal value of τ
is τ = tr +tf +th . If τ >> tr and τ >> tf , then τ ≈ th . The
true value of τ is of paramount importance in real systems. In
[13], [12], coincidence detectors were proposed. The variations
of between V l and V h affect the duration of τ , because the
digital circuits used for building a coincidence detector are
limited in their input by a low-high logic level. The true value
of τ is th < τ < tr + tf + th .
When two perfect coincidences exist, a mediant fraction is
formed, and the condition of Eq. 1 es hold (Fig. 2):
Pn+i
Pn+i + Pn
Pn
<
<
,
Qn+i
Qn+i + Qn
Qn

(3)

(1)

where, Pn and Qn are independent counts of unknown and
reference pulses on the considered interval of time (as shown
on Fig. 2), n is the number of fraction and i is an entire
positive number; speaking precisely, Pn+i and Qn+i appear
after one iteration after Pn and Qn , the n+i value increases as
result of time measurement until a number m where the best

fx −
β=

Pn
Qn f0

fx

,

(4)

and the measurement time (Mt ) since the beginning of measurement process until the n−fraction is expressed as:
Mt = Qn T0 =

Qn
.
f0

(5)

III. M EASUREMENT MODEL SIMULATION
The mathematical model exposed in section 2 can be
analyzed using computational tools. The model a frequency
measurement system using rational approximations has been
previously explored, and analyzed trough computational simulations [1], [7], [12], [9], [15]. In the cited papers, just
stationary frequency values were analyzed. For the purposes
of this work, new simulations algorithms are proposed and
implemented in Matlab.
Given the simulation time (SimT ime) and the period (T )
of a signal to model, an array of numbers (integers or floating
values) is generated using the algorithm 1. In each iteration,
the array time keeps an addition of the signal’s periods. The
number of periods correspond to the number of iterations (i).
Also in each iteration, the value of ElapsedT ime increments
by one value of T . The array T ime keeps increasing while
the ElapsedT ime is lower than SimT ime.
Our interest is to detect when a coincidence occurs. According to Fig. 2, when a coincidence occurs a time of coincidence
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Algorithm 1 Signal generator
SIGNAL(T , SimT ime )
1 ElapsedT ime = i = 0
2 while ElapsedT ime < SimT ime
3 T ime[i] = ElapsedT ime
4 ElapsedT ime = T ime[i] + T
5 i++
6 returnT ime
(tc ) exists. Our analysis indicates that 0 < tc ≤ τ . The
algorithm 2 allow us to get two arrays (P , Q), that correspond
to the fraction where the coincidence occurred. Algorithm 2
works as follows. In line 1, the variables used for counting
are initialized. Unknown frequency and reference signals are
generated using algorithm 1 in lines 2 and 3 respectively. Two
“while” loops are used for comparing data of each position in
Signalf o and Signalf x. In line 6 is calculated the time of
coincidence. If the condition on line 7 holds, the values of the
fraction where the coincidence occurred are recorded.

will discuss the effect of frequency shifts in fast frequency
measurement using the rational approximations principle.
A. Measurement of fs

Algorithm 2 Coincidence detector
COINCIDENCE(SimT ime, τ , Tx , T0 )
1 a, b, c = 0
2 Signalf o =SIGNAL(T0 , SimT ime )
3 Signalf x =SIGNAL(Tx , SimT ime )
4 while a < length(Signalf o)
5 while b < length(Signalf x)
6 tc = τ − |Signalf o[a] − Signalf x[b]|
7 if tc > 0
8 P [c] = b
9 Q[c] = a
10 c + +
11 b + +
12 a + +
13 return P , Q
The values of Pn , Qn obtained trough algorithm 2 can be
used for calculating the value of fx (Eq. 3) or relative error
(Eq. 4).
In the next section, the presented algorithms are implemented and used for frequency measurement.
IV. M EASURING FREQUENCY SHIFTS IN FDS
In a FDS before a measurand change, there is an initial
frequency value (fs ), and after change a different frequency
(fp ) value exists. After measurement, the value of fx can either
approximate to fs or fp .
A frequency shift (∆f ) is defined as:
∆f = fs − fp .

Figure 3. Relative error in frequency measurement process using f0 = 10
MHz

(6)

According to Eq. 6, the value of a frequency shift could
be obtained by measuring fs before, and fp after measurand
change. From Eq. 6, new operation conditions are needed for
frequency meters. If the value of fx changes, it will affect
the values of Pn and Qn in Eq. 2 and 3. In this section, we

In previous works, the rational approximation principle has
been used for measurement of steady frequency values [12],
[13]. The output of a FDS has an unknown frequency value,
such value can be modeled using the previously proposed
algorithms. Let us consider fs = fx , fx = {1, 2, ..., 9} MHz,
4
T0 , and T0 = 10 MHz. The frequency measurement
τ = 10
process is simulated using algorithm 2, and the relative error
of the analyzed values of fx is shown on Fig. 3
The relative error (β) is calculated using Eq. 4. The data
obtained from simulations is summarized on Table I. As it is
shown in Fig. 3, for all the analyzed values, β has a maximum
relative error in the two first fractions This is due to the first
fraction that has P0 = Q0 = 0, and the next fraction is the
first approximation. After P1 and Q1 , β decreases while the
measurement time is incremented. As it has been shown in
previous works, if the principle of rational approximations is
used for frequency measurement, the value of β reduces when
the measurement time increases (as it can be seen on Table I
and using Eq. 5).
Also, a very important property of the rational approximations principle is shown: by increasing the order of f0 a better
approximation to fx is obtained. For this case, when f0 = 10
MHz (Fig. 3), the value of fx is approximated in a longer time
than when f0 = 100 MHz (Fig. 4). If f0 = 100 MHz, the
best approximation to fx is obtained almost since the start of
frequency measurement. The data obtained from simulations
is shown on Table 4.
There are cases where P1 /Q1 = fx /f0 , these are known as
perfect coincidences. In consequence:
nP1
fx
=
,
nQ1
f0

(7)

the last will be the best approximations since n = 1. In Table
I, there are perfect coincidences since n = 1 when fx = 1,
2, 4 and 5. From Table I, a relationship between fx , f0 and
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Table I
DATA

Table II

OBTAINED FROM COMPUTATIONAL EXPERIMENTS WHEN f0
MH Z

fx
[MHz]

P1
Q1

β in
n=1

= 10

Pm
Qm

β in m

P
P
Pm n
m Qn

DATA OBTAINED FROM
fx
[MHz]

P1
Q1

COMPUTATIONAL EXPERIMENTS WHEN f0
MH Z

β in
n=1

= 100

Pm
Qm

β in m

P
P
Pm n
m Qn

1

1
10

0

9999
99990

0

49995000
499950000

1

1
100

0

9999
999900

0

49995000
4.9995×109

2

1
5

0

19999
99995

0

199990000
999950000

2

1
50

0

19999
999950

0

199990000
9.9995×109

3

1
3

-0.1111

29999
99997

3.33 × 10−6

449985000
1.49995×109

3

1
33

-0.0101

29999
999967

3.33 × 10−7

449985000
1.49995×1010

4

2
5

0

39998
99995

0

399980000
999950000

4

1
25

0

39999
999975

0

799980000
1.99995×1010

5

1
2

0

49999
99998

0

1.249975×109
2.49995×109

5

1
20

0

49999
999980

0

1.249975×109
2.49995×1010

6

1
2

0.1667

59999
99998

−3.33 × 10−6

1.79997×109
2.99995×109

6

1
17

0.0196

59999
99998

−3.33 × 10−7

1.79997×109
2.99995×1010

7

2
3

0.0476

69998
99997

−1.42 × 10−6

1.749965×109
2.49995×109

7

1
14

-0.0204

69999
999986

2.857 × 10−7

1.749965×109
2.49995×109

8

1
1

0.2500

79999
99999

2.5 × 10−6

2.39996×109
2.99995×109

8

2
25

0

79998
999975

0

1.59996×109
1.99995×1010

9

1
1

-0.1111

89999
99999

1.11 × 10−6

3.149955×109
3.49995×109

9

1
11

-0.1111

89999
999989

1.11 × 10−6

3.149955×109
3.49995×1010

Figure 4. Relative error in frequency measurement process using f0 = 100
MHz

β can be inferred. When the value of fx approaches to f0 ,
the relative error is incremented. Also Pn , Qn start in a value
closer to 1,until a best approximation is obtained when Mt
increases. The last observations, lead us to the hypothesis: “if
the ratio f0 /fx is greater, the value of Qn will increase faster.
As consequence, the best approximation could be obtained in
shorter time”.
In Fig. 4, the results of computational experiments using
f0 = 100 MHz are shown. The other parameters used for
simulation still the same used in our previous analysis.
By comparing Fig. 3 and 4, an observation can be done. In
the last, the time needed for achieving a better measurement
is lower than in Fig. 3. According to Eq. 5, the measurement
time decreases when f0 is increased. In consequence, even if
there are the same values of Pn and Qn , the best coincidences
will appear in a shorter time. The data shown in Fig. 4 is
summarized in Table II.
A comparison of data shown in Table I and II highlights the

importance of the relationship between fx and f0 . In Table
II, the value of Qn increases faster than in Table I. This is
due more pulses of S0 are counted until the next coincidence
appears. Another observation is noted, when the value of fx
increases, the value of Pn /Qn approaches to fx /f0 faster. Our
analysis is bound to a simulation time (algorithm 1, 2). If the
time used for analysis is increases, grater values of Pn /Qn
would appear and a better approximation to fx /f0 could
exist. As result, the relative error in frequency measurement
decreases. So far, our hypothesis is held and validated by the
results of computational experiments.
The resolution of our frequency measurement process is
defined by n and f0 . When n increases, more coincidences
exist and the value of Pn /Qn increases. If f0 has more orders
of magnitude than fx , the value of Qn increases faster. By
comparing Table 4, smaller relative error and better resolution
are shown.
Further analysis shows that by increasing the order of f0 ,
better approximations in shorter time can be obtained. For
practical purposes, there are few constrains. Such as stability
of reference standard, and capacity of the circuits used for
detecting a pulse width as short as τ < T0 /2
B. Measurement of fp
Before we start our analysis, we should make a remark. The
frequency measurement principle by rational approximations
is based on number theory and deals only with entire numbers
[16]. A mediant fraction (Eq. 1) is also known as continuous
fraction. The rational approximations are formed by coincidence of pulses, this implies the fact that only complete pulses
are counted. Existence of perfect and/or partial coincidences,
only depends of the apparition of pulses during a given time.
According to Eq. 6, if fx = fp a frequency shift exists.
From our models, the time where the best approximation
appears is very short. In order to shown a a perceptible change,
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Figure 5. Relative error (β) during measurement time (Mt ) in frequency measurement process of fs + ∆f : a) fs = 1 MHz, b) 2 MHz, c) fs = 3 MHz, d)
fs = 4 MHz, e) fs = 5 MHz, f) fs = 6 MHz, g) fs = 7 MHz, h) fs = 8 MHz, i) fs = 9 MHz.

all the physical variables need a minimum time. Under the
idea that our measurement is faster than the speed of change
of measurand, the measurement of fp can be conceived as
stationary state process. From Eq. 3 and 6, the frequency shift
can be calculated as:
P
Pn
∆f = f0 P m
− fs
Q
m n

(8)

Using algorithms 1 and 2 several simulations were carried
on. The purpose of such computational experiments was to
get clarity about the smallest perceptible ∆f that could be
measured. The simulations were carried on with ∆f ={0.1,
1, 100, 1×103 , 1×104 , 1×105 , 1×106 } Hz, fp = fx , fx =
4
T0 , and f0 = 100 MHz. The results
{1, 2, ..., 9} MHz, τ = 10
are shown on Fig. 5.
After enough time, the relative error shown in Fig. 5 has
the same behavior of experiments shown in Fig. 3 and Table
II. Also in Fig. 5, in order to appreciate the influence of ∆f
a smaller measurement time is shown.
In particular, the Fig. 5 b,c,d,e have a similar behavior
during the same measurement time. If ∆f increases, a smaller
influence on β occurs. When the value of fx approximates

to f0 , β decreases very fast (almost since the beginning of
measurement process) or last some time to converge to a near
zero value. If fx and f0 are close, the number of coincidences
is incremented. When ∆f decreases, β is less affected, until β
is closer as possible to zero. The worst cases are when fs = 1
MHz and fs = 9 MHz, this is because fs + ∆f is either very
close or very far from to f0 .
In general, when the value of fx approaches to f0 , β needs
more time for decreasing. Also, ∆f is a small approximation
of fx to f0 . This allow us to think that such approximation
increments the measurement time required for getting the
smallest value possible of β. From previous analysis we
learned, that if the value of fx is close to f0 a higher error
exists. In the data shown in Fig. 5, in some cases small values
of β exists in very short time. The last statements, allow us
to think it is because a partial coincidence exist where:
∆f + fx = fx + βfx ,

(9)

∆f ≈ βfx .

(10)

or:
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Eq. 10 has
P sensePonly when n has a small value and
P1 /Q1 ≈
m Pn /
m Qn . This indicates that β does not
decrease. On the other hand, the best approximations are
obtained when:
X
X
P1 /Q1 <<
Pn /
Qn
(11)
m

m

or
P1 /Q1 >>

X
m

Pn /

X

Qn

(12)

m

and β ≈ 0.
For each case analyzed on Fig. 5, there is an increment in
the number of coincidences. This es the result of a increment
of the ratio Pn /Qn .
Clearly, our computational experiments have shown there
is a relationship between fx , f0 , n and ∆f . The smallest
detectable value of ∆f is bounded by Eq. 10.
V. C ONCLUSIONS AND FUTURE WORK
In this work, by using the rational approximations principle,
an initial approach to the problem of measuring frequency
shifts on FDS has been carried on. We have shown how
accuracy of frequency measurements is affected for many
factors. Such as variations in the values of fx , f0 and ∆f .
Many analysis were carried on using the proposed algorithms. In the future we hope to study other properties of
our measurement method. Also an ongoing work includes a
comparison of algorithms 1 and 2 with a real proposed system
[12].
One of the principal contributions of this work is that when
f0 is incremented, a higher resolution can be achieved. The
limitations for real systems are stability of reference standard,
and capacity of the circuits used for detecting a pulse width
as short as τ < T0 /2.
Finally, a bound for the smallest detectable value of ∆f is
given by Eq. 10.
As future work, we expect to increase our analysis and
improve the resolution of our measurement technique. This,
with the aim of detecting smaller values of ∆f .
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