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Josué Alvarez-Borrego
CICESE
Departamento de Óptica
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Abstract. The Karhunen-Loeve expansion based on the calculation of
the eigenvalues and eigenfunctions of the Karhunen-Loeve integral
equation is known to have certain properties that make it optimal for
many signal detection and filtering applications. We propose an analyti-
cal solution of the equation for a practical case when the covariance
function of a stationary process is exponentially oscillating. Computer
simulation results using a real aerial image are provided and discussed.
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1 Introduction

Series expansions of a random process are widely use
image processing, speech processing, pattern recogn
communication systems, and generalized filtering.1–3 Given
the second-order statistical properties of a wide-sense
tionary process, the optimal series expansion for data
resentation and data analysis is the well-known Karhun
Loeve expansion, which is defined as the solution of
Karhunen-Loeve eigenvalue integral equation or the Fr
holm equation of the first type whose kernel is the cova
ance function of the stationary process.3 The essential prop
erty of this expansion is that it produces uncorrela
expansion coefficients. Thereby, this representation ad
processing schemes in which each datum is manipul
independently from the others. Unfortunately, no sim
ways to compute the eigenfunctions seems to have b
known until now. Moreover, there is no unique Karhune
Loeve expansion for all random processes. However,
possible to approximate the Karhunen-Loeve expans
~possessing an infinite coordinate space! of a wide-sense
stationary process by orthogonal transforms with a fin
coordinate space such as the discrete Fourier transfo4

the discrete cosine transform,5 or other sinusoidal
transforms.6,7 The use of this type of transforms was jus
fied by the fact that they belong to a family of transform
asymptotically equivalent to the Karhunen-Loeve transfo
of a first-order Markov process.6

The process often requires computing analytical
thogonal eigenfunctions. Several techniques have been
posed for solving the Karhunen-Loeve eigenvalue integ
equation when the spectral density of the process is a ra
nal function of frequency.8–10 However, the proposed gen
eral methods are computationally costly. A simple analy
cal solution has been found for the case of the exponen
covariance function.3 Note that the covariance function o
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real images is often more complicated. We illustrate us
an empirical covariance function calculated for a real ae
image. In this paper, an explicit solution for the eigenvalu
and eigenfunctions is given in a special case when the
variance function of a stationary process is exponentia
oscillating. The paper is organized as follows. Section
provides notations and assumptions. In Sec. 3, we give
lutions for the eigenvalues and eigenfunctions. Sectio
illustrates the eigenvalues and eigenfunctions for a r
aerial image. Section 5 summarizes our conclusions.

2 Notation and Assumptions

In the theories of signal detection and filtering there f
quently occur integral equations of the form

lw~ t !5E
2T

T

K~ ut2su!w~s!ds, ~1!

where K(x) represents the covariance function of a co
tinuous stationary second-order process possessing a
tinuous spectral densityS(w), 2T<t<T.

Denote an ensemble average byE@ .# and let m(t)
5E@n(t,v)# and K(t,s)5E@(n(t,v)2m(t))(n(s,v)
2m(s))#. Here K(t,s) is the covariance function of the
processn(t,v). If the covariance function is continuous i
square2T<t, s<T, the process is second-order contin
ous in 2T<t<T, and if in additionK(t,s)5K(ut2su),
one is second-order stationary. From the theorem
Karhunen3 any second-order random functionn(t,v) that is
second-order continuous in2T<t<T can be expanded a
follows:

n~ t,v !5m~ t !1 (
k51

`

Alkak~v !wk~ t !, ~2!
.00 © 2003 Society of Photo-Optical Instrumentation Engineers
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Kober and Alvarez-Borrego: Karhunen-Loeve expansion . . .
with convergence in the mean for everyt in @2T,T#. The
quantitieslk andwk(t) are determined from Eq.~1!. Here
$wk(t)% are orthonormal over2T<t<T and $ak(v)% are
normalized uncorrelated random variables; that is,

E@ak~v !al~v !#5dkl ,

E
2T

T

wk~s!w l~s!ds5dkl ,
k,l 51,2, . . . , ~3!

wheredkl is the Kronecker delta. For Gaussian process
the variables$ak(v)% are independent normal random va
ables. These properties have been exploited with great
vantage in many theoretical and practical applications.

Now we restrict ourselves to a special case of station
processes. Let the covariance function of a second-o
stationary process be exponentially oscillating,

K~x!5K~ ut2su!5P exp~2auxu!cos~bx!, ~4!

where P is the mean-square value of the zero-mean p
cess; anda andb are nonnegative parameters of correlati
and oscillation, respectively. The spectral density can
expressed as

S~w!5
2a~a21b21w2!

w412w2~a22b2!2~a21b2!2 , ~5!

whereS(w)5S(2w)>0. It can be shown that the eigen
functions generated by such kernels by means of Eq.~1! are
complete in2T<t<T, and the eigenvalues are positive

3 Solution of Eigenvalue Integral Equation with
Exponentially Oscillating Covariance
Function

The basic idea of the used method is straightforward.
convert the integral equation to a differential equati
whose solution can be easily found. Then we substitute
solution back into the integral equation to satisfy t
boundary conditions. First, we substitute Eq.~4! into Eq.
~1! and eliminate the magnitude sign as follows:

lw~ t !5E
2T

T

P exp~2aut2su!cos@b~ t2s!#w~s!ds

5E
2T

t

P exp@2a~ t2s!#cos@b~ t2s!#w~s!ds

1E
t

2T

P exp@2a~s2t !#cos@b~s2t !#w~s!ds,

~6!

where 2T<t,s<T, k51,2, . . . . Differentiating four
times, we have a fourth-order linear differential equati
with constant coefficients

w~4!~ t !22S a22b22
aP

l Dw~2!~ t !

1~a21b2!S a21b22
2aP

l Dw~ t !50, ~7!
,

-

r

for lÞ0. It can be shown that the integral equation satisfi

for the following condition: 0,l̂,2a/(a21b2) and the
roots of the characteristic equation are given by

b1,2
2 5AD2S a22b22

a

l̂
D ,

~8!

b3,4
2 5S a22b22

a

l̂
D 1AD,

where l̂5l/P, D5(a22b22a/l̂)2(a21b2)@a21b2

2(2a)/l̂ #.0, and the terms in the parentheses on
right-hand side are positive. A general solution of the in
gral equation can be written as follows:

w~ t !5C1 exp~ ib1t !1C2 exp~2 ib1t !1C3 exp~b3t !

1C4 exp~2b3t !, ~9!

whereb252b1 andb452b3 are imaginary and real solu
tions of the characteristic equation, respectively. Now s
stituting Eq.~9! into Eq.~7! and performing the integration
we obtain

C1

exp~ ib1T!~a2 ib1!

~a2 ib1!21b2
1C2

exp~2 ib1T!~a1 ib1!

~a1 ib1!21b2

1C3

exp~b3T!~a2b3!

~a2b3!21b2
1C4

exp~2b3T!~a1b3!

~a1b3!21b2
50,

~10!

C1

exp~ ib1T!

~a2 ib1!21b2
1C2

exp~2 ib1T!

~a1 ib1!21b2

1C3

exp~b3T!

~a2b3!21b2
1C4

exp~2b3T!

~a1b3!21b2
50.

It can be easily verified that if either~1! $C15C2 ,C3

5C4% or ~2! $C152C2 ,C352C4%, Eq. ~10! satisfies for

all time. Eliminatingl̂ from Eq.~8! and combining Eqs.~8!
and ~10!, for these two conditions we obtain the followin
system of equations:

C1
6Fexp~ ib1T!~a2 ib1!

~a2 ib1!21b2
6

exp~2 ib1T!~a1 ib1!

~a1 ib1!21b2 G
1C3

6Fexp~b3T!~a2b3!

~a2b3!21b2
6

exp~2b3T!~a1b3!

~a1b3!21b2 G50,

C1
6F exp~ ib1T!

~a2 ib1!21b2
6

exp~2 ib1T!

~a1 ib1!21b2G
1C3

6F exp~b3T!

~a2b3!21b2
6

exp~2b3T!

~a1b3!21b2G50, ~11!
1019Optical Engineering, Vol. 42 No. 4, April 2003
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Kober and Alvarez-Borrego: Karhunen-Loeve expansion . . .
b3
25~a21b2!S a223b21b1

2

a21b21b1
2 D ,

where ‘‘1’’ is used for the condition 1, and ‘‘2’’ is used for
the condition 2. Equation~11! can be simplified for these
conditions as follows:

b1~R sinb1T1I cosb1T!~R̄ coshb3T1 Ī sinhb3T!

2b3~ I sinb1T2R cosb1T!~R̄ sinhb3T1 Ī coshb3T!

50 for condition 1,

b1~R cosb1T2I sinb1T!~R̄ sinhb3T1 Ī coshb3T! ~12!

2b3~R sinb1T1I cosb1T!~R̄ coshb3T1 Ī sinhb3T!

50 for condition 2,

b3
25~a21b2!S a223b21b1

2

a21b21b1
2 D ,

where

R5a21b22b1
2, I 52ab1 ,

~13!

R̄5a21b21b3
2, Ī 52ab3 .

From the second equation of the system in Eq.~11! the
coefficient C3 as a function of the coefficientC1 can be
written as

C3
652C1

6Q6, ~14!

with

Q15
R̄22 Ī 2

R21I 2

R cosb1T2I sinb1T

R̄ coshb3T1 Ī sinhb3T
, for condition 1,

~15!

Q25
R̄22 Ī 2

R21I 2

R sinb1T1I cosb1T

R̄ sinhb3T1 Ī coshb3T
, for condition 2.

Solving the system in Eq.~12!, two sets of$b1
1(k),b3

1(k)%,
$b1

2(k),b3
2(k)%, k51,2, . . . , can benumerically calcu-

lated. Finally, the eigenfunctions for the conditions 1 an
are given by

wk~ t !5H C1
1~k!cos@b1

1~k!t#1C3
1~k!cosh@b3

1~k!t#

C1
2~k!sin@b1

2~k!t#1C3
2~k!sinh@b3

2~k!t#,
2T<t<T, k51,2, . . . .

~16!

The expressions for the normalizing constantsC1
6(k) are

useless for practical work; however, we derive them us
the property of orthonormality of the eigenfunctions@see
1020 Optical Engineering, Vol. 42 No. 4, April 2003
Eq. ~3!# to compare the results with the ones obtained
the exponential covariance function.3 They can be written
as

C1
155 TF11

sin 2b1
1T

2b1
1T

1~Q1!21
~Q1!2 sinh 2b3

1T

2b3
1T

G
2

4Q1~b1
1 sinb1

1T coshb3
1T1b3

1 cosb1
1T sinh3

1T!

b1
12

1b3
12

6
21/2

,

~17!

C1
255 TF12

sin 2b1
2T

2b1
2T

2~Q2!21
~Q2!2 sinh 2b3

2T

2b3
2T

G
1

4Q2~b1
2 cosb1

2T sinhb3
2T2b3

2 sinb3
2T coshb3

2T!

b1
22

1b3
22

6
21/2

.

Here for simplicity we omitted the indexk. The coefficients
C3

6 can be calculated from Eq.~14!. Let us sort the solu-
tions $b1

6(k)% and$b3
6(k)% in ascending order with respec

to their values as follows:b1(1),b1(2),b1(3),¯ and
b3(1),b3(2),b3(3),¯ , k51,2,... . The odd-numbere
solutions correspond to the condition 1, whereas the ev
numbered solutions correspond to the condition 2. The c
responding eigenvalues are calculated as

lk5
2Pa@a21b21b1

2~k!#

b1
4~k!12b1

2~k!~a22b2!1~a21b2!2

5
2Pa@a21b22b3

2~k!#

b3
4~k!22b3

2~k!~a22b2!1~a21b2!2
,

k51,2, . . . . ~18!

If b50, we arrive to known results for the exponenti
covariance function. In this case,C 3

6 50, Q650, and the
expressions for eigenfunctions are simplified to

Fig. 1 Test aerial image.
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wk~ t !5H C1
1~k!cos@b1

1~k!t#

C1
2~k!sin@b1

2~k!t#
, 2T<t<T, k51,2,... ,

~19!

with normalizing coefficients

C1
6~k!5H TF16

sin 2b1
6~k!T

2b1
6~k!T G J 21/2

. ~20!

The corresponding eigenvalues are calculated as

lk5
2Pa

a21b1
2~k!

, k51,2, . . . , ~21!

where the solutions$b1
6(k)% are sorted in ascending orde

with respect to their valuesb1(1),b1(2),b1(3),¯ , k
51,2, . . . .

4 Computer Experiments

This section presents the experimental results to illust
the eigenvalues and eigenfunctions for a real aerial ima

Fig. 2 Approximation of covariance function of the image.
.

Figure 1 shows the test image of 2563256 pixels, each
pixel has 256 levels of quantization. The mean value a
standard deviationAP of the image are 128 and 40, respe
tively. Note that 2-D eigenfunctions can be constructed a
product of 1-D eigenfunctions computed with averagi
along rows and columns. We illustrate our results with t

Fig. 3 (a) Eigenvalue versus imaginary solution b1 and (b) real so-
lution b3 versus imaginary solution b1 .
Table 1 Solution of the eigenvalue integral equation for the test image.

Index k
Eigenvalues

l̂k b1(k)
Approximation

b1(k) by (k21)p/2 b3(k) C1(k) C3(k)31024

1 1.9603 0.1756 0 0.03514 0.6928 165.24

2 0.02398 1.5817 1.5707 0.03604 0.9965 3.665

3 0.00604 3.1509 3.1416 0.03605 0.9985 20.7804

4 0.00269 4.716 4.7124 0.03605 0.9996 20.4138

5 0.00517 6.2878 6.2832 0.03605 0.9996 0.1962

6 0.00097 7.8561 7.8554 0.03605 0.9998 0.1491

7 0.00067 9.4279 9.4278 0.03605 0.9998 20.0873

8 0.00049 10.997 10.9955 0.03605 0.9999 20.0761

9 0.00038 12.568 12.5664 0.03605 0.9999 0.0491

10 0.00030 14.138 14.1372 0.03605 0.9999 0.0460
1021Optical Engineering, Vol. 42 No. 4, April 2003
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help of 1-D eigenfunctions using the ensemble aver
over image rows. The argumentt is scaled to the interva
@21,1#. Figure 2 shows the experimental covariance cu
calculated along image rows and two approximations o
mized in terms of the normalized mean square error~MSE!
by means of exponential~EXP! and exponentially oscillat-
ing ~EXP-COS! functions. Since the MSE criterion has th
minimum as a function of the model parameters, the dow
hill simplex method11 can be used for a numerical optim
zation. The downhill simplex method is not very efficient

Fig. 4 Graphical solution of the system in Eq. (12).

Fig. 5 Eigenfunctions wk(t) calculated for (a) condition 1 and (b)
condition 2.
1022 Optical Engineering, Vol. 42 No. 4, April 2003
terms of the number of function evaluations that it requir
However, the method requires only function evaluation, n
derivatives. The optimal parameters of the EXP functi
are a50.062 @the correlation coefficientr5exp(2a)
50.936], MSE50.527. For the EXP-COS function, the
are taken asa50.03 (r50.975), b50.02, MSE50.148.
Obviously, that the approximation by the exponentially o
cillating function is much better with respect to MSE an
subjective criteria than that by the commonly used exp
nential function.

Figure 3~a! shows the normalized eigenvalue as a fun
tion of the solutionb1 @see Eq.~18!#. As b1 decreases

monotonically,l̂ increases monotonically. The solution o
the integral equation exists if the eigenvalue belongs to

interval 0,l̂,2a/(a21b2)546.1538. The relationship
between the real solutionb3 and imaginary solutionb1 is
shown in Fig. 3~b!. The range of the real solution is 0
,b3,0.36055. The solution of the Karhunen-Loeve int
gral equation for the first 10 eigenfunctions and eigenvalu
is given in Table 1. The valuesb3 and b1 that satisfy Eq.
~12! can be determined graphically, as shown in Fig.
Here the horizontal curve corresponds to the third equat
of the system in Eq.~12!, whereas the vertical curves ar
plots of the first two equations of the system in Eq.~12!.
The odd-numbered set of intersections corresponds to c
dition 1 and the even-numbered set to condition 2. T
eigenfunctions given in Eq.~16! are plotted in Fig. 5. Sev-
eral interesting observations may be made with respec
the example.

First, the eigenvalue@see Eq.~18!# corresponding to a
particular eigenfunction is equal to the height of the pow
density function given in Eq.~5!.

Second, from Eq.~16! we see that the eigenfunction
contain sines and cosines whose frequencies are not
monically related. However, asb1T increases, the odd-
numbered intersections occur at approximately byk
21)p/2 ~k odd! and the even-numbered intersections occ
at approximately (k21)p/2 ~k even! ~see the columns 3
and 4 of Table 1!. From Fig. 3~b! and Eq.~16! we see that
for a higher index, in the second term of Eq.~16! b3k tends
to a constant, sayBC, and the eigenfunctions are approx
mately a set of periodic sine and cosines as follows:

Fig. 6 Approximation of the test image by the first N terms: (a) N
532 and (b) N564.



wk~ t !5

C1
1~k!cosF ~k21!p

2T
t G1C3

1~k!cosh~BCp!, k odd

, 2T<t<T, k51,2, . . . . ~22!

Kober and Alvarez-Borrego: Karhunen-Loeve expansion . . .
H
C1

2~k!sinF ~k21!p

2T
t G1C3

2~k!sinh~BCp!, k even
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Next, if the random zero-mean functionn0(t,v) is ap-
proximated by the firstN expansion terms then the ex
pected error is calculated as

ERN5S E
2T

T

EH Fn0~ t,v !2 (
k51

N

Alkak~v !wk~ t !G2J dt D 1/2

5S 2PT2 (
k51

N

lkD 1/2

~23!

and this error converges uniformly to zero asN→`.
Finally, for the case of the exponentially oscillating c

variance function, we illustrate an approximation of the t
image using the Karhunen-Loeve expansion of the im
rows. Figure 6 shows reconstructed images withN532 and
N564. The experimental errors are ER32

EXP-COS58.2 and
ER64

EXP-COS56.4, while the theoretical errors calculated wi
Eq. ~23! are ER32

EXP-COS51.82 and ER64
EXP-COS51.47. This

difference is due to nonideal approximation of the expe
mental covariance function by the exponentially oscillati
function and, strictly speaking, a real image cannot be c
sidered as a realization of a stationary process. For the
of the exponential covariance function, the experimen
errors are ER32

EXP59.1 and ER64
EXP57.2, and the theoretica

errors calculated with Eq.~23! are ER32
EXP52.41 and

ER64
EXP-COS51.82. As expected, the approximation of th

test image with the exponentially oscillating model is bet
than that of with the exponential model.

5 Conclusion

We presented an analytical solution of the Karhunen-Lo
integral equation for a special case when the covaria
function of a stationary process is exponentially oscillatin
The explicit expressions for the eigenfunctions and eig
values were obtained. Computer simulation results usin
real aerial image illustrated all theoretical results with t
use of the exponentially oscillating covariance function.

Acknowledgments

The authors acknowledge for financial support Grant N
36077-A of CONACYT.
e

References

1. S. Darlington, ‘‘Linear least-squares smoothing and predictions w
applications,’’Bell Syst. Tech. J.37, 1221–1294~1958!.

2. K. Fukunage and W. L. Koontz, ‘‘Application of the Karhunen-Loev
transform expansion to feature selection and ordering,’’IEEE Trans.
Comput.C-19, 311–318~1970!.

3. H. L. Van Trees,Detection, Estimation, and Modulation Theory, Wil-
ley, New York ~1968!.

4. J. Pearl, ‘‘On coding and filtering stationary signals by discrete F
rier transform,’’IEEE Trans. Inf. TheoryIT-19, 229–232~1973!.

5. N. Ahmed, T. Natarajan, and K. R. Rao, ‘‘Discrete cosine transform
IEEE Trans. Comput.C-23, 90–93~1974!.

6. A. K. Jain, ‘‘A sinusoidal family of unitary transforms,’’IEEE Trans.
Pattern Anal. Mach. Intell.PAMI-1 , 356–365~1979!.

7. M. Unser, ‘‘On the approximation of the discrete Karhunen-Loe
transform for stationary processes,’’Signal Process.7~3!, 231–249
~1984!.

8. D. Slepian, ‘‘Estimation of signal parameters in the presence
noise,’’ Trans. IREPGIT-3, 68–89~1954!.

9. I. D. Youla, ‘‘Solution of a homogeneous Wiener-Hopf integral equ
tion occurring in the expansion of second order stationary rand
functions,’’ IEEE Trans. Inf. TheoryIT-3 , 187–193~1957!.

10. C. W. Helstrom, ‘‘Solution of the detection integral equation for s
tionary filtered white noise,’’IEEE Trans. Inf. TheoryIT-11, 335–339
~1965!.

11. W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flanne
Numerical Recipes in C, Cambridge University Press~1992!.

Vitaly Kober received his MS degree in
applied mathematics from the Air-Space
University of Samara, Russia, in 1984 and
his PhD degree in image processing from
the Institute of Information Transmission
Problems, Russian Academy of Sciences,
in 1992. He is currently a titular researcher
with the Centro de Investigación Cientı́fica
y de Educación Superior de Ensenada (CI-
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