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ABSTRACT
This paper presents two new methodologies for pattern recognition invariant to position and 
rotation. The two methods use the correlation of signatures obtained using a binary rings mask 
created from the fractional Fourier transform (FRFT). An analysis of fragmented information was 
performed with 21 images of fossil diatom species. The methodologies were applied to 30 species of 
phytoplankton to test the performance when rotation distortion is present in a target. Also, a noise 
analysis was performed. Higher signature correlation values are achieved by working outside the 
Fourier plane by changing the order of the FRFT.

1. Introduction

Automatic identification of objects in an image is one of 
the goals in the field of pattern recognition. The intro-
duction of the standard match filter by Van der Lugt (1) 
in 1964 allowed an advance in optical and digital pat-
tern recognition based on image correlation. However, 
these filters are inefficient when geometrical distortions 
of the object are present, such as rotation or position. In 
1970 Lendaris and Stanley showed a pattern recognition 
system based on the sampling of the Fraunhofer diffrac-
tion pattern of an image with different kinds of masks 
to reduce the two-dimensional distribution of light to a 
one-dimensional set of numbers called a sample signature 
(2). Krueger et al. used masks of this type in 1974 for the 
diagnosis of pneumoconiosis (3), and Kasdan realized 
some applications in the industry (4).

Recently, a new methodology invariant to position 
and rotation was developed based on linear and non-lin-
ear correlation of signatures obtained using binary rings 
mask generated from the real positive values of the Fourier 
transform (FT) of the reference image (5). Based on this 
work, four alternative ways for generating the binary rings 
masks based on the positive and negative values of the real 
and imaginary parts of the FT of an image for identifica-
tion of Arial letters and fossil diatoms (6) were studied. 
This system based on Fourier binary rings masks were 
used to analyse images affected by noise and non-homo-
geneous illumination and compared with a system based 
on a binary rings mask obtained from the Bessel function 

of the first kind and first order (7). Also, an analysis of 
fragmented fossil diatoms was performed using Fourier 
binary rings masks (8). And a different type of correlation 
called adaptive non-linear correlation was developed and 
implemented for the correlation of signatures obtained 
by binary masks from the nonseparable scale transform 
for the classification of phytoplankton species (9), which 
achieved better performance than non-linear correlation.

On the other hand, as mentioned by Ozaktas et al. (10), 
the concept of fractional orders of the FT was presented 
and developed by works by Winer 1929 (11), Condon 
1937 (12), Bargmann 1961 (13) and De Brujin 1973 (14). 
Then the fractional orders of the FT called the fractional 
Fourier transform (FRFT) was used in 1980 by Victor 
Namias for solving differential equations (15). The frac-
tional order of the FRFT corresponds to the fractional 
power of the FT operator, being the ordinary FT a par-
ticular case of the FRFT of order 1. In 1993 Mendlovic 
and Ozaktas presented an optical interpretation of the 
FRFT, based on propagation in quadratic graded index 
(GRIN) media (16). Also in 1993, Lohmann suggested an 
alternative definition of the FRFT based on the Wigner 
distribution function, showing that the order of the FRFT 
correspond to a rotation of the space-frequency plane, 
where the order 1 of the FRFT corresponds to a 90° rota-
tion of the space-frequency plane (17). Then it was found 
that the FRFT is equivalent to Fresnel diffraction, just as 
the FT is equivalent to Fraunhofer diffraction (18), that is, 
the propagation of light is a continuous fractional Fourier 
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where j =
√

−1, t is the variable of the original function 
in space (or time) domain, u is the variable of the FRFT 
and α is the rotation angle in the space-frequency plane.

Figure 1 shows the space-frequency plane. In the hori-
zontal axis, the space domain is represented, and the fre-
quency domain of the FT is on the vertical axis. Therefore, 
the FT operator defined as  can be viewed as a change in 
the representation of the signal corresponding to a coun-
terclockwise axis rotation of α = π/2 rad (35). The order 
p of the FRFT is defined as (17),

 

thus, the FRFT of the order p of a function x(t) is 
 p{x(t)}. By Equation (2), changing the α angle, fractional 
orders of the FRFT can be achieved. Therefore, the classi-
cal FT is a particular case of the FRFT, obtained when the 
order p = 1. In this work the FRFT is calculated regarding 
the α angle rather than the order p, also by simplicity, the 
α angle is taken in degrees rather than radians.

The FT corresponds to the Fraunhofer diffraction and 
the FRFT to the Fresnel diffraction (18). The Fraunhofer 
diffraction or FT can be obtained at the focal plane of a 
converging lens. Therefore, the FRFT represents planes 
different than the focal (or Fourier) plane (19).

Figure 2 shows the FRFT for various values of α for the 
image of Arial letter B. It can be seen how by changing the 
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transformation (19). Thus, the FRFT is a generalization 
of the FT.

Because the FT is a very important tool in many fields 
of science, the FRFT also has found applications in dif-
ferent areas, like Fourier optics (16–23), convolution (24), 
image restoration (25), correlation (26–29), non-linear 
optics (30), quantum mechanics (15), nondestructive test-
ing (31) or filtering (24, 32, 33). Therefore, in every area in 
which the FT has been used there exists the potential for 
improvement using the FRFT. Image correlation using the 
FRFT or fractional correlation has been implemented for 
object recognition, showing a less noisy output compared 
to the conventional correlation (34).

In this work, the FRFT is proposed to generate the 
binary rings masks from an image to obtain its signatures. 
Using the FRFT intermediate planes between the space 
plane and the Fourier plane can be selected to generate 
the binary rings mask looking to get better discrimination. 
Also, the adaptive non-linear correlation is implemented 
to achieve higher correlation values and increase the rec-
ognition results.

The rest of the paper is organized as follows. In Section 
2, the definition of the FRFT is presented. The two meth-
odologies based on binary masks using the FRFT are 
described in Section 3. Computer simulations and results 
are presented in Section 4 and in Section 5 conclusions 
are given.

2. Fractional Fourier transform

The FRFT is a generalization of the FT that depends on a 
parameter α (35). The FRFT is defined by Almeida (35) as

Figure 1. space-frequency plane and the rotation by an angle α of the frft.
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value of α the image is diffracted from the space domain  
Figure 2(a) when α  =  0° to the frequency domain or 
Fraunhofer diffraction when α = 90° Figure 2(f).

When the original function is shifted by a constant like 
x(t − �), the FRFT is given by (35),

 

The effect of translation given by Equation (3), is a com-
bination of position shift by cos α and phase multiplica-
tion by sin α of the FRFT. Therefore, the modulus of the 
FRFT is not invariant to translation as in the case of the 
modulus of the FT. Therefore, two different approaches 
to achieve invariance to translation are presented in this 
work.

(3)


�
{x(t − �)} = X

�
(u − � cos �)exp

(

j
�
2

2
sin � cos � − ju� sin �

)

,

3. Methodologies

In this work, two different methods are presented for 
obtaining position and rotation invariant signatures of 
an image. Both make use of the FRFT and work only on 
N × N.

3.1. Methodology 1. FRFT of the spectral image for 
the generation of the binary rings mask

In this methodology, to construct the binary rings mask, 
the modulus of the FT of a picture named as the spectral 
image is used. For I

(

x, y
)

, x = 1, …, N, y = 1, …, N, the 
spectral image is
 

which is the modulus of the FT or FRFT to an angle 
α  =  90°. Working with the spectral image gives posi-
tion invariance. In Figure 3(a) we have an example of an 
307 × 307 image of Arial letter B. Figure 3(b) shows the 
spectral image taken from Figure 3(a).

3.1.1. Binary rings mask
Binary rings masks are built by taking the real or imag-
inary part of the FRFT of the spectral image, that is, 
Re[F

�
{Ispec}] or Im[F

�
{Ispec}] Figure 3(c) and (d) shows 

the real and imaginary parts, respectively, from the FRFT 
to an angle � = 85◦ applied to Figure 3(b).

Then, the real or imaginary part of the FRFT of a N × N 
pixels image is filtered with a disc mask D, defined as (7)

 

where 
(

cx , cy

)

is the centre pixel, N is the diameter, and 

d
((

cx , cy

)

,
(

x, y
)

)

 is the Euclidean distance between each 
pixel in the image and the centre pixel. Therefore, the disc 
is centred on the 

(

cx , cy

)

 pixel and has a diameter of N 
pixels.

The filtering process is given by (7):
 

 

where • is a point-to-point product. The filtering process 
is given by Equations (6) and (7), and shown in Figure 
4(a) and (b), respectively.
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(5)D =

{

1, if d
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)

,
(
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)

) ≤ N ,

0, otherwise,

(6)fRe = D ∙ Re
[

�

{

Ispec

}]

,

(7)fIm = D ∙ Im
[

�

{
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}]

,

Figure 2. frft of arial letter B for different values of α. (a) α = 0°, 
(b) α = 15°, (c) α = 45°, (d) α = 65°, (e) α = 80° and (f ) α = 90°.
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Figure 3. (a) 307 × 307 pixels image of arial letter B. (b) spectral image from arial letter B. (c) real part of the frft to α = 85°of the spectral 
image. (d) the imaginary part of the frft to α = 85°of the spectral image.

Figure 4. filtering process of the frft of the spectral image by a unitary disc. (a) real part and (b) imaginary part.
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and the profile with the maximum energy will be selected 
(7),
 

 

where β and γ are the angles of the profiles that have the 
maximum energy. OpRe(x) and OpIm(x) are the optimum 
patterns from the real and imaginary parts of the FRFT, 
shown in Figure 5(c) and (d), respectively.

Once the optimum profiles are obtained, their slopes 
are calculated:

 

 

where nx = 1,… ,N − 1, mRe

(

nx

)

 and mIm

(

nx

)

 are the 
slopes from the optimum profiles of the real and imagi-
nary parts respectively.
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ΔOpIm
Δx

,

Next, from fRe or fIm 180 profiles are obtained with a 
separation of one degree passing through the centre pixel 
(

cx , cy

)

 with length N. Figure 5(a) and (b) shows some 
example profiles from the fRe and fIm, respectively.

The profiles are expressed by (7)
 

 

where y(x) = m
(

x − x1
)

+ y1, m is the slope 
of y, 

(

x1, y1
)

=
(

cx + cx cos �, cx − cx sin �
)

 and 
(

x2, y2
)

=
(

cx + cx cos (� + �), cx − cx sin (� + �)
)

 are the 
end points of the line, and θ is the angle between y and 
the horizontal axis. Next step is to compute the energy in 
each profile:
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Figure 5. (a) some examples of the 180 profiles from fRe . (b) some examples of the 180 profiles from fIm. (c) optimum profile selected 
from fRe. (d) optimum profile selected from fIm.
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associated with the given image are built. Following the 
sub-index notation for the binary functions, the binary 
rings masks are named MRP, MRN, MIP and MIN. Figure 6 
shows the masks associated with the image of Arial letter 
B applying methodology 1 for FRFT to an angle α = 85°. 
The radius of the cylinders of height one for each mask 
is calculated by
 

 

 

 

for x = 1, …, N. Therefore, the rings in the binary rings 
masks will not exceed the dimensions of the image.

Changing the α angle of the FRFT will change the 
optimum profile extracted from the real and imaginary 
parts, this is because the FRFT gives a different diffraction 
pattern for different α, as shown in Figure 2. For example, 
Figure 7(a) and (b) shows the optimum profiles extracted 
from the real part, for the FRFT of the spectral image of 

(20)rRP(x) =
N − x

2
, if ZRP(x) > 0,

(21)rRN (x) =
N − x

2
, if ZRN (x) > 0,

(22)rIP(x) =
N − x

2
, if ZIP(x) > 0,

(23)rIN (x) =
N − x

2
, if ZIN (x) > 0,

Next, a threshold condition is applied to the slopes of 
the optimum profile of the real part obtained by Equation 
(14) to generate a binary function ZRP

(

nx

)

 as 
 

where nx = 1,… ,N − 1. Inverting the binarization con-
dition, another binary function ZRN

(

nx

)

 is generated by
 

For the slopes of the optimum profile of the imaginary 
part obtained by Equation (15), the same two threshold 
conditions are applied to make binary functions ZIP

(

nx

)

 
and ZIN

(

nx

)

 as
 

 

Then taking nx = 1 as the rotation axis, the binarized func-
tions ZRP

(

nx

)

, ZRN

(

nx

)

, ZIP

(

nx

)

 and ZIN

(

nx

)

 are rotated 
180° to obtain concentric cylinders of height one. Taking 
a cross-section of those cylinders the binary rings mask 
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Figure 6.  Binary rings masks from arial letter B obtained using 
methodology 1for a frft to a α = 85°. (a) MRP, (b) MRN, (c) MIP and 
(d) MIN.

Figure 7. optimum profiles extracted from fRe at different α angles 
of the frft of the spectral image of arial letter B. (a) for α = 85° 
and (b) for α = 45°.
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spectral image of Figure 3(b) is provided in Figure 9(a), 
the MRP is shown in Figure 9(b) and the result of the point-
to-point multiplication given by Equation (24) is shown 
in Figure 9(c). The final step is to calculate the sum of all 
the values sampled by each ring to obtain the normalized 
signature that represents the image of the corresponding 
mask. Figure 9(d) shows the signature built from Figure 
9(c). The vertical axis represents the normalized sum of all 
the values sampled by each ring, and the horizontal axis 
shows the index associated with each ring in the binary 
mask, starting from the inner ring.

Figure 10 shows the four signatures obtained from the 
image of Arial letter B. The signature named SRP is the 
signature constructed by the mask MRP, SRN by MRN, SIP by 
MIP and SIN by MIN. All four signatures in Figure 10, result 
from a FRFT to an angle α = 85°. Because the number of 
rings is different for each binary rings mask, the length of 
the signatures is also different.

Figure 11 shows the signatures for the same image for 
a FRFT to α = 45°. These signatures are different from 
those shown in Figure 10. Thus, by changing the α angle of 
the FRFT, both the binary rings masks and the signatures 
associated with an image change.

Once the signatures associated with images are 
obtained, non-linear correlations of the signatures are 
performed (7). Because changing the α angle of the 
FRFT modify the signature of the pictures, the values of 
the non-linear correlations change for different α angles.

3.2. Methodology 2. FRFT of the image for the 
generation of the binary rings mask

In this methodology, the FRFT is directly applied to the 
image to construct the binary rings masks. In Figure 12 
an example is presented. Figure 12(a) shows the image of 
Arial letter B. The real and imaginary parts of the FRFT 
to a α = 85° of the picture are shown in Figure 12(b) and 
(c), respectively.

3.2.1. Binary rings mask
The real and imaginary parts of the FRFT of the image 
are filtered by the disc D. Next, 180 profiles are obtained 
for the real part and the imaginary part of the FRFT of 
the image. Then, optimum profiles are selected. Figure 
13(a) and (b) shows the optimum patterns extracted 
from Figure 12(b) and (c). So, from the optimum profiles, 
binary functions are constructed using the same condi-
tions that Equations (16)–(19). A rotation of the binary 
functions generate the binary ring masks MRP, MRN, MIP 
and MIN. Figure 14 shows the binary rings masks for this 
methodology using a FRFT to α = 85° applied to the image 
in Figure 12(a).

Arial letter B at α = 85° and α = 45°, respectively. Figure 
8 shows the four masks associated with Arial letter B for 
α = 45° of the FRFT, which are different from the ones 
obtained for α = 85°.

3.1.2. Signature of the image
To achieve rotation invariance, it is used a binary rings 
mask to build a one-dimensional signature for a given 
image. Each of the four masks will generate a distinct 
signature. The first step is to calculate the modulus of the 
FRFT of the spectral image and then filter the modulus 
with the mask by
 

 

 

 

where the α angle for the modulus of the FRFT is the same 
that was used to obtain the mask. An example is shown 
in Figure 9: the modulus of the FRFT to α = 85° of the 
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Figure 8.  Binary rings masks from arial letter B obtained using 
methodology 1 for a frft to a α = 45°. (a) MRP, (b) MRN, (c) MIP and 
(d) MIN.
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necessary. To compare them, the two methodologies 
described in this work are used to obtain the signatures 
from each image and correlate them. Two implementation 
cases for each method were used, one mask and adaptive 
masks.

3.3.1. First case: one mask
Figure 18 describes the case when one mask is used for 
methodology 1. Step 1 is to set the reference image TI 
Then the spectral image of the TI is calculated in step 2. 
In step 3, the FRFT of the spectral image is computed to 
construct the masks The four binary masks MTRP, MTRN, 
MTIP and MTIN associated with the TI are obtained in step 
4. Then the modulus of the FRFT of the spectral image is 
calculated in step 5. In step 6 the modulus of the FRFT 
from step 5 is filtered with a point to point multiplica-
tion with each binary mask, and in step 7 the signatures 

3.2.2. Signature of the image
In this methodology, the modulus of the FT of the image is 
used to construct the signature, achieving position invar-
iance Thus the binary rings masks are used to filter the 
modulus of the FT, to calculate the signatures An example 
of this procedure is shown in Figure 15, where the MIN 
mask was used to filter the modulus of the FT, to obtain 
the signature shown in Figure 15(d).

The signatures for the image of Arial letter B calculated 
for a FRFT to α = 85° and α = 45° are shown in Figures 16 
and 17, respectively, it can be seen that the signatures also 
change for different α angles.

3.3. One mask and adaptive masks

For the recognition of an object in a problem image (PI) 
a reference image of the object or target image (TI) is 

Figure 9. procedure to obtain the normalized signature of the image by methodology 1. (a) the modulus of the frft to α = 85° of the 
spectral image of arial letter B. (b) Binary rings mask MRP obtained from arial letter B. (c) result of point to point multiplication of the 
modulus of the frft of the spectral image with MRP. (d) normalized signature for arial letter B, obtained from the sum of all the values 
sampled by each ring.
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Figure 19 describes methodology 2 for this case. The 
first step is to set the TI. In step 2 the FRFT of the TI 
is calculated and based on the real and imaginary parts 
the masks MTRP, MTRN, MTIP, and MTIN are obtained in 
step 3. Next, in step 4 the modulus of the FT of the TI is 
calculated and then is filtered in step 5 by the masks by a 
point-to-point multiplication with each mask. So, in step 6 
the four signatures associated to the TI are obtained. Then 

associated with the TI are calculated. Next, in step 8, a PI 
is introduced in the process. In step 9 the spectral image 
of the PI is obtained. Then the modulus of the FRFT of the 
spectral image of the PI is calculated in step 10 and then 
filtered in step 11 with the point to point multiplication 
with each of the mask generated from the TI. Then in step 
12, four signatures for the PI are made. And finally, in step 
13, the signatures are correlated.

Figure 10. normalized signatures for arial letter B obtained from each of the four binary rings masks generated from a frft to an angle 
α = 85°. Methodology 1.

Figure 11. normalized signatures for arial letter B obtained from each of the four binary rings masks generated from a frft to an angle 
α = 45°. Methodology 1.
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3.3.2 Second case: adaptive masks
Figure 20 shows the methodology 1 using adaptive masks. 
From step 1 to step 9 the procedure is the same as the 
described in Figure 18. Then in step 10, the FRFT of the 
spectral image of the problem image PI is obtained. Then 
in step 11, four binary masks named MTRP, MTRN, MTIP, 

in step 7, the PI to be analysed is introduced. In step 8, the 
modulus of the FT of the PI is calculated. Then the point-
to-point multiplication with the binary masks is made in 
step 9. So, in step 10 the four signatures associated to the 
PI are obtained. And then the correlation of the signatures 
is calculated in step 11.

Figure 12. (a) 307 × 307 pixels image of arial letter B. (b) real part of the frft to α = 85°of the image. (c) the imaginary part of the frft 
to α = 85°of the image.

Figure 13. optimum profiles extracted from real and imaginary 
parts the frft of the image of arial letter B at a α = 85°. (a) from 
fRe and (b) from fIm.

Figure 14. Binary rings masks from arial letter B obtained using 
methodology 2 for a frft to a α = 85°. (a) MRP, (b) MRN, (c) MIP and 
(d) MIN.
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3.4. Non-linear correlation and adaptive non-linear 
correlation

In this work, non-linear correlation and adaptive 
non-linear correlation are used to compare the signa-
tures of the PI and TI. If SPI is the signature of a problem 
image and STI is a signature from the target image, the 
non-linear correlation or k-law correlation (7) is defined 
as
 

where �SPI
 and �STI

 are the phases of the FT of the signa-
tures of the PI and TI, respectively, and 0 < k < 1 is the 
nonlinearity factor. For this work, k = 0.1 is used.

(28)
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and MTIN are obtained, which are the mask for the PI. 
These masks are calculated for a FRFT at the same α used 
to get the masks for the TI. Next, in step 12 the modulus 
of the FRFT of the spectral image is calculated and the 
point to point multiplication with the masks is done in 
step 13. So, the signatures for the PI are obtained in step 
14, and finally, the signature correlation is calculated in 
step 15.

The methodology 2 for this case is shown in Figure 21. 
This procedure is the same from step 1 to step 7 as the 
one described in Figure 19. In step 8 the FRFT of the PI 
is calculated. Then the four binary masks for the PI are 
calculated in step 9. The modulus of the FT of the PI is 
calculated in step 10. Next, in step 11 the filtering process 
of the FT with the masks is done. In step 12 the signatures 
associated to the PI are obtained. And finally, the correla-
tion of the signatures is done in step 13.

Figure 15. procedure to obtain the normalized signature of the image by methodology 2. (a) the modulus of the ft of arial letter B 
image. (b) Binary rings mask MIN obtained from arial letter B. (c) result of a point to point multiplication of the modulus of the frft of 
the spectral image with MIN. (d) normalized signature for arial letter B, obtained from the sum of all the values sampled by each ring.



JOURNAL OF MODERN OPTICS   1645

shown in Figure 22, the factor R is the ratio taken from 
the standard deviations of the images as (36),
 

where �
(

x, y
)
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 is the standard deviation of the PI and 

�

(

x, y
)
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 is the standard deviation of the TI.
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Adaptive non-linear correlation is a modification of 
k-law correlation for better discrimination performance 
and is express as (9)

 

where R is the factor that modifies the nonlinearity of 
the modulus of FT of the PI. For real images like the ones 
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Figure 16. signatures for arial letter B obtained from each of the four binary rings masks generated from a frft to an angle α = 85° by 
methodology 2.

Figure 17. signatures for arial letter B obtained from each of the four binary rings masks generated from a frft to an angle α = 45° by 
methodology 2.
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for each methodology, there is a certain α angle that will 
give the highest correlation value. That angle is called the 
optimum angle. This optimum angle cannot be known 
a priori.

To find the optimum angle, the signatures of an 
image are obtained for a given α. Then the signatures are 

4. Computer simulations

4.1. Optimum angle of the FRFT

Changing the α angle of the FRFT changes the signatures 
produced by the binary rings masks. Hence, the result-
ing value of signature correlation is different. Therefore, 

Figure 18. procedure for methodology 1 for the one mask case.

Figure 19. procedure for methodology 2 for the one mask case.
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degree to select different planes than the Fourier plane. 
For example, Figure 23 shows the maximum non-normal-
ized autocorrelation values for each α for method 1 when 

autocorrelated using k-law correlation, and the maximum 
autocorrelation value is obtained for that given α. This 
is done for values of α from 1° to 90° with steps of one 

Figure 20. procedure for methodology 1 for the adaptive masks case.

Figure 21. procedure for methodology 2 for the adaptive masks case.



1648   E. GARZA-FLORES AND J. ÁLVAREZ-BORREGO

Figure 22. Grayscale images of 30 different phytoplankton species. species 1: Acanthogonyaulax spinifera. species 2: Ceratium gravidum 
Gourret. species 3: Dinophysis hastata. species 4: Preperidinium meunieri. species 5: Thalassiosira levanderi. species 6: Lingulodinium 
polyedrum. species 7: Asteromphalus heptactis. species 8: Ornithocercus magnificus. species 9: Oxytoxum scolopax. species 10: Podolampas 
bipes. species 11: Podolampas spinifer. species 12: Bacteriastrum delicatulum. species 13: Podolampas palmipes. species 14: Dinophysis 
monacantha. species 15: Protoperidinium longipes. species 16: Phalacroma rapa. species 17: Gonyaulax scrippsae. species 18: Ceratocorys 
horrida. species 19: Gonyaulax spinifera. species 20: Tripos furca. species 21: Tripos lunula. species 22: Ceratium hexacanthum. species 23: 
Ceratium gravidum praeolongum. species 24: Ceratium breve. species 25: Asterolampra marylandica. species 26: Hemidiscus cuneiformis. 
species 27: Thalassionema nitzschioides. species 28: Pyrocystis. species 29: Heterodinium agassizi. species 30: Ornithocercus Stein.

Figure 23. Maximum correlation values for methodology 1 for α angles from 1° to 90° for species 1 as the target.
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species one is used as the target (Figure 22). The maximum 
correlation values are on the vertical axis and the α angles 
of the FRFT on the horizontal axis. It can be seen that 
the highest correlation value is at α = 29°. Thus, this is 
the optimum angle for the MRP mask for methodology 1.

This procedure is done for all four binary rings masks 
in both methods and all the 30 phytoplankton species 
shown in Figure 22. The results for methodology one are 
presented in Table 1. There is not a general optimum angle 
for all mask and all species. Instead, each mask has a differ-
ent optimum angle for various species. Only in five cases, 
the optimum angle is 90◦, therefore, in most cases working 
outside the Fourier plane gives better correlation values.

The results for the second methodology are shown in 
Table 2. Also, there is an optimum angle for each case, and 
no case has an optimum angle of 90°.

Equations (30), (29) and (28) show that for the case 
of autocorrelation, the factor R is equal to one and the 
adaptive non-linear correlation becomes a non-linear 
correlation. Therefore, there is no need to calculate an 
optimum angle for the adaptive non-linear correlation.

4.2. Response to rotation

When comparing a PI with a TI, each binary mask gener-
ates a signature for each image. Therefore, four signatures 
are obtained. Thus, four correlations are performed. To 
take into account the four correlation results, from each 
correlation a non-normalized peak value is obtained, and 
then are multiplied (Figure 24). The result of this multipli-
cation is the one considered as the maximum correlation 
value of the methodology. The α angle, for each method 
and each mask, is selected from Table 1 or Table 2.

Thirty different species of phytoplankton were used to 
analyse the performance of the two invariance correlation 
methodologies presented in this work (Figure 22). The 
images are 307 × 307 pixels and have natural noise and 
different illumination. Each of the 30 species, were rotated 
360 times (1°steps). Each of the 30 phytoplankton species 
was selected as the target and compared with rotated ver-
sions of itself, and all the rotated versions of all other spe-
cies. Figures 25 and 26 show results for methodology 1 and 
methodology 2 when species 2 is the target. The box plots 
show the mean, ±2 standard errors, outliers, and extremes 
of the maximum correlation value (not normalized).

Figure 25(a) shows the results for methodology 1 using 
one mask and non-linear correlation. There is an overlap 
with species 11, 13, 17, 19, 21 and 23. Figure 25(b) shows 
the results for the same methodology with adaptive masks 
and non-linear correlation. Here, the autocorrelation 

Table 1. optimum angles of each binary ring mask for methodol-
ogy 1 for each phytoplankton species.

Species MRP MRN MIP MIN

1 29 70 14 64
2 1 10 75 68
3 26 25 89 20
4 66 80 71 64
5 59 50 64 56
6 24 72 75 28
7 90 63 90 89
8 6 58 51 62
9 64 24 34 71
10 76 64 65 64
11 7 90 89 33
12 74 69 62 62
13 88 4 90 75
14 85 58 1 66
15 47 23 68 67
16 86 3 90 75
17 26 7 62 63
18 61 64 56 4
19 67 63 34 71
20 85 3 58 65
21 71 71 35 90
22 75 70 62 75
23 12 71 89 64
24 8 75 6 62
25 67 6 35 58
26 14 85 35 37
27 74 3 34 63
28 89 3 75 1
29 62 69 40 77
30 1 66 72 65

Table 2. optimum angles of each binary ring mask for methodol-
ogy 2 for each phytoplankton species.

Species MRP MRN MIP MIN

1 20 83 54 53
2 40 78 63 48
3 1 16 55 71
4 33 41 39 20
5 52 51 18 16
6 42 11 49 18
7 45 44 76 64
8 41 39 57 83
9 79 83 28 46
10 46 62 83 69
11 61 79 50 37
12 68 78 5 2
13 73 9 58 38
14 75 41 46 29
15 34 78 34 68
16 41 77 84 54
17 28 36 41 34
18 11 22 67 74
19 72 85 85 63
20 31 40 18 34
21 41 62 62 64
22 70 33 39 71
23 40 28 41 65
24 75 68 59 3
25 4 68 52 21
26 7 52 71 53
27 75 39 6 73
28 28 76 62 73
29 63 64 18 88
30 56 76 61 48



1650   E. GARZA-FLORES AND J. ÁLVAREZ-BORREGO

and non-linear correlation. There are no overlaps for this 
case. In Figure 26(c) the results for method 2 with one 
mask and adaptive non-linear correlation show no over-
laps. For methodology 2 with adaptive masks and adaptive 
non-linear correlation results are shown in Figure 26(d). 
Again, no overlaps are present. Because some results show 
overlap, the efficiency is calculated from box plots for each 
target image for each methodology, in the two cases (one 
mask and adaptive masks) with non-linear correlation and 
adaptive non-linear correlation.

Table 3 presents the efficiency for both methodologies 
with one mask and non-linear correlation for all species 

values for species 2 are much higher than the correla-
tion values with other species, showing no overlaps. For 
methodology 1 with one mask and adaptive non-linear 
correlation results are shown in Figure 25(c). The box plot 
shows an overlap with species 23. And the results for the 
same methodology using adaptive masks and adaptive 
non-linear correlation are shown in Figure 25(d), show-
ing no overlaps.

The results of methodology 2 for one mask and 
non-linear correlation, are presented in Figure 26(a). It 
shows an overlap with species 11. Figure 26(b) shows the 
results for the same methodology with adaptive masks 

Figure 24. procedure for obtaining the maximum correlation value for each methodology.

Figure 25. results for methodology 1 using species 2 as the target. (a) one mask and non-linear correlation. (b) adaptive masks and non-
linear correlation. (c) one mask and adaptive non-linear correlation. (d) adaptive masks and adaptive non-linear correlation.
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Figure 26. results for methodology 2 using species 2 as the target. (a) one mask and non-linear correlation. (b) adaptive masks and non-
linear correlation. (c) one mask and adaptive non-linear correlation. (d) adaptive masks and adaptive non-linear correlation.

Table 3.  efficiency for each methodology using one mask and 
non-linear correlation.

note: the method with the higher efficiency is shown in shaded grey.

Target species
Methodology 1 
efficiency (%)

Methodology 2 
efficiency (%)

1 100 100
2 95.4 98.6
3 100 100
4 100 100
5 100 100
6 99.6 100
7 100 99.4
8 97.9 100
9 99.7 99.9
10 100 100
11 91.5 99
12 100 98
13 98.9 93.1
14 99.8 100
15 98.8 98.8
16 100 100
17 98.9 100
18 96.6 100
19 97.8 99.8
20 96.9 99.8
21 100 95.9
22 78.9 99.9
23 96.5 96.9
24 99.9 100
25 100 100
26 100 100
27 99.5 96.5
28 100 100
29 100 100
30 98.5 100
efficiency mean (%) 98.17 99.18

Table 4.  efficiency for each method using adaptive masks and 
non-linear correlation.

Target species
Methodology 1 
efficiency (%)

Methodology 2 
efficiency (%)

1 100 100
2 100 100
3 100 100
4 100 100
5 100 100
6 100 100
7 100 100
8 100 100
9 100 100
10 100 100
11 100 100
12 100 100
13 100 100
14 100 100
15 100 100
16 100 100
17 100 100
18 100 100
19 100 100
20 100 100
21 100 100
22 100 100
23 100 100
24 100 100
25 100 100
26 100 100
27 100 100
28 100 100
29 100 100
30 100 100
efficiency mean (%) 100 100
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(38) and identity vectors signatures (39) also go up to 
95.4% confidence level.

The time consumption was 0.5733 s for the first method 
and 0.4512 s for method 2. The times were obtained in a 
Windows 10 computer with a 3.40 GHz Intel Core i7-3770 
and 8 GB DDR3 RAM.

4.3. Fragmented information

The capability of each methodology to recognize an object 
when having only a fragment of it was analyzed. For this 
task images of 21 fossil diatom species collected in 1996 
in La Cuenca San Lázaro, Baja California Sur, México (37) 
were used (Figure 27). The 21 images were fragmented 
and 49 fragments obtained from each picture. Figure 28 
shows 50 images for Actinocyclus inges Rattray diatom, 
where piece label as A_1 is the original image (complete 
diatom). Each fragmented image of a diatom species was 
compared with its original image and with the fragments 
of the other species to find the minimum percentage of 
information required for the identification of the target 
species. Therefore, each diatom species has 50 images, the 
original image and 49 fragments. The comparison was 
made based on the maximum correlation value obtained 

as the target. It shows better efficiency for method 2 for 
more target species than methodology 1, with 1.1% better 
efficiency mean.

Table 4 presents the effectiveness of both approaches 
with adaptive masks and non-linear correlation for all 
species as the target. In this case, 100 per cent efficiency 
is achieved by the two methodologies.

Table 5 presents the efficiency for both methods with 
one mask and adaptive non-linear correlation for all spe-
cies as the target. Again better efficiency for method 2 for 
more target species is achieved, having only 0.2% better 
efficiency mean.

Table 6 presents the efficiency for both methodologies 
with adaptive masks and adaptive non-linear correlation 
for all species as the target. Again, 100% efficiency is 
achieved by both methods.

In both methodologies, when the adaptive case it is 
used, a 100% efficiency is obtained for both types of cor-
relation. Because the extreme values in the statistical box 
plots were considered, the results have a 100% confidence 
level. Similar approaches based on binary ring masks 
have shown less confidence level than the two methods 
presented in this work, reaching only up to 95.4% (6–9). 
Other criteria like vectorial signatures and spectral index 

Table 5.  efficiency for each methodology using one mask and 
adaptive non-linear correlation.

note: the method with the higher efficiency is shown in shaded grey.

Target species
Methodology 1 
efficiency (%)

Methodology 2 
efficiency (%)

1 100 100
2 99.6 100
3 100 100
4 100 100
5 100 100
6 100 100
7 100 99.9
8 99.7 100
9 100 99.9
10 100 100
11 95.4 100
12 100 99.9
13 100 93.2
14 99.8 100
15 100 99.9
16 100 100
17 99.7 100
18 97.9 100
19 99.6 99.8
20 97.1 99.8
21 100 99.8
22 96.3 100
23 100 99.3
24 99.9 100
25 100 100
26 100 100
27 99.7 96.6
28 100 100
29 100 99.9
30 98.6 100
efficiency mean (%) 99.4 99.6

Table 6. efficiency for each methodology using adaptive masks 
and adaptive non-linear correlation.

Target species
Methodology 1 
efficiency (%)

Methodology 2 
efficiency (%)

1 100 100
2 100 100
3 100 100
4 100 100
5 100 100
6 100 100
7 100 100
8 100 100
9 100 100
10 100 100
11 100 100
12 100 100
13 100 100
14 100 100
15 100 100
16 100 100
17 100 100
18 100 100
19 100 100
20 100 100
21 100 100
22 100 100
23 100 100
24 100 100
25 100 100
26 100 100
27 100 100
28 100 100
29 100 100
30 100 100
efficiency mean (%) 100 100
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Figure 27. images of 21 different fossil diatom species.

Figure 28. fragmented images of Actinocyclus inges Rattray diatom.
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pieces that include fragment 1 (original image) and the 
49 fragments of each of the 21 species. Every 50 pieces in 
the horizontal axis represents a different diatom species. 
The vertical axis shows the maximum correlation values of 
piece 12 with each of the 1050 fragments. For this present 

with methodology 1 and method 2 using one mask and 
adaptive masks and non-linear correlation.

Figure 29 shows the results for method 2 using one 
mask when fragment 12 of Actinocyclus inges Rattray 
(species A) is the target. The horizontal axis shows 1050 

Figure 29. results for methodology 2 using one mask for fragment 12 of species a (Actinocyclus inges Rattray).

Figure 30. results for methodology 2 using one mask for fragment 13 of species a (Actinocyclus inges Rattray).



JOURNAL OF MODERN OPTICS   1655

methodology can identify species A up to fragment 12 
which has a 66.05% of the information.

The process described in Figures 29 and 30 was done 
for both methodologies for one mask and adaptive masks 
and non-linear correlation for all 21 species. Table 7 pre-
sents the information percentages for both methods using 
one mask, it shows a better performance of methodol-
ogy two over method 1 for all present case, requiring less 
information for the identification of a target species. Table 
8 shows the results when using adaptive masks.

Results show that these two techniques don’t have a good 
performance when compared with the work of Barajas-
García et al. (8). They could identify a diatom species with 
22–48% or more of the information, while the methodologies 
presented in this work, using the same database, could rec-
ognize six images in the same range only, the others images 
needed more percentage of information to be identified.

4.4. Images affected by noise

The performance of both methodologies for images 
affected by noise was tested using the discrimination 
coefficient defined as (40),
 

where C =
|

|

|
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(
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)

|

|

|

, STI is the signature of the target 

image, STIN is the signature of the target image with noise, 
SN is the signature of the background image with noise and 
CNL is the non-linear correlation.

For each method, image diatom species Actinocyclus 
inges Rattray was first affected by the Gaussian noise of 
media zero changing variance from 0 to 5 and the DC is 
calculated, repeating the process 36 times. Then the mean 
DCit is obtained and ±1.96 standard errors which give a 
95% confidence level. This analysis was performed using 
salt and pepper noise, for density from 0 to 1.

In Figure 31 it is shown that methodology 2 has better per-
formance for Gaussian noise. For salt and pepper, both meth-
ods have almost the same performance as shown in Figure 
32, but method 2 has slightly better performance. Comparing 
these results with the ones obtained by Solorza and Álvarez-
Borrego 2015 (7) and Barajas-García et al. (8), methodology 
2 has better performance for Gaussian noise than Fourier 
masks, vectorial signatures, the speeded up robust features 
(SURF) algorithm and Bessel masks. Methodology 1 does 
not perform as good, having less tolerance to this kind of 
noise than the mentioned techniques. In the case of salt and 
pepper noise, both methodologies have better performance 
compared to Fourier masks, vectorial signatures, SURF and 
Bessel masks (7, 8).
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case, the reference is the maximum correlation value with 
fragment 1, which is the original image for this species. 
It can be seen that the value for that fragment is above 
the maximum correlation values from fragments of other 
species. Thus, this fragment is considered safe to identify 
the species for the methodology used.

Figure 30 shows the results of the same methodology 
and same species in Figure 29, but now for fragment 13. 
It can be seen, that the maximum correlation value for 
fragment 581 which correspond to species L is higher than 
of fragment 1. So, this fragment is considered not suitable 
for the identification of the target species. Therefore, this 

Table 7.  information required for identification of each diatom 
species for both methodology using one mask and non-linear 
correlation.

Diatom species Methodology 1 (%) Methodology 2 (%)
a 95.67 66.05
B 87.66 20.97
c 88.31 51.05
d 89.06 19.26
e 81.34 44.80
f 88.63 60.50
G 77.37 32.21
H 94.70 87.61
i 84.90 82.64
J 73.24 55.33
K 79.37 62.21
l 100 65.21
M 97.19 66.08
n 94.54 79.66
o 73.25 20.78
p 90.72 31.15
Q 89.29 49.92
r 94.38 77.70
s 92.54 57.87
t 89.15 66.05
u 66.29 20.97

Table 8.  information required for identification of each diatom 
species for both methodology using adaptive masks and non-lin-
ear correlation.

Diatom species Methodology 1 (%) Methodology 2 (%)
a 100 91.45
B 100 100
c 100 100
d 100 95.47
e 85.59 85.59
f 100 93.05
G 100 100
H 100 95.10
i 100 94.17
J 100 100
K 92.24 100
l 100 92.85
M 97.75 100
n 100 100
o 100 100
p 90.72 100
Q 98.21 98.21
r 100 94.38
s 98.38 92.54
t 100 90.90
u 100 100
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adaptive masks was the best choice for both types of cor-
relation. Methodology 2 was better in the case of frag-
mented information, but both methods were not suitable 
for this task when compared to Barajas-García et al. (8). 
However, despite this weakness, both methods have better 
performance with complete images achieving a perfect 
discrimination capability for every target image regardless 
of the extremes.

The two methods presented based on the FRFT, have 
shown that working outside the Fourier plane can give 

5. Conclusions

In this work, two methodologies were presented based 
on the FRFT, which allows working in planes different 
from the Fourier plane. The results in this work show 
that although there is no general optimum order of the 
FRFT for every target image processed, there is an excel-
lent order for each case in particular. The results show 
that the discrimination percentage varies for the meth-
odology used, for the correlation type, and also if one 
mask or adaptive masks are used. For both methods, using 

Figure 31. performance of both methodologies when the image has Gaussian noise.

Figure 32. performance of both methodologies when the image has Gaussian noise.
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