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Laboratory Experiments on Flows Over Bottom Topography
Luis Zavala Sansón1 and Gert-Jan van Heijst2

7.1. INTRODUCTION
The motions of mesoscale and large-scale geophysical
flows in the oceans and the atmosphere (with sizes of the
order of tens to hundreds of kilometers) are essentially
affected by Earth’s rotation. At these scales geophysical
flows can be also strongly influenced by bottom topography. Thus, the essential dynamical ingredients to be
discussed here are topography effects in a rotating system. More specifically, we shall present recent experimental studies on homogeneous flows simulating geophysical
situations, in which the dynamics are dominated by the
combination of rotation and topography. We will also
discuss the two-dimensionality of shallow, nonrotating
fluid systems. The presentation and discussion of the topic
are based on the physical scales of different experimental facilities, in a similar vein to the study of von Arx
[1957]. In contrast with that study, we focus the discussion
on numerous examples that underline the role of topography effects in laboratory experiments with horizontal
scales L ranging from some centimeters to a few meters
and vertical scales H from some milimeters to about 1 m.
In addition, we ignore stratification effects, gravity waves,
and, to a great extent, free surface effects. It will be shown
that laboratory experiments performed in large containers
are useful to study rather different problems than those
performed within containers with smaller dimensions. In
other words, we aim at pointing out advantages and disadvantages of experiments performed within the available
range of length scales in typical laboratories.
Several examples presented in subsequent sections
address specific oceanographic or atmospheric problems.
For instance, the presence of a weak, linear topographic
1

Departamento de Oceanografía Física, CICESE, Ensenada,
Baja California, México.
2
Department of Applied Physics, Eindhoven University of
Technology, Eindhoven, The Netherlands.

slope in a rotating tank simulates the planetary β-effect
(the latitudinal gradient of the Coriolis parameter [see,
e.g., van Heijst, 1994]. Using this effect, it is possible to
study the self-propagation mechanism of monopolar vortices in the laboratory. The drift of vortices under the
β-plane approximation is characteristic of mesoscale
eddies in the ocean (see Vukovich [2007] for loop current eddies in the Gulf of Mexico) and in the atmosphere
(e.g., Chan [2005] for tropical cyclones). During their
drift, vortices may encounter topographic features that
modify their structure or trajectory [see, e.g., Zehnder,
1993; de Steur and van Leeuwen, 2009]. Another important topic is the vertical advection of chemical and biological material due to mesoscale features in the ocean.
Several mechanisms introducing or extracting nutrients
into/from the upper ocean surface have been recently discussed by several authors [Lévy, 2008], and in particular
due to topographic effects [Genin, 2004]. Some other relevant geophysical phenomena over topography, such as
the propagation of topographic Rossby waves, the selforganization properties of quasi-two-dimensional turbulence, and the dynamics of shallow flows, can be further
studied by means of laboratory experiments.
Previous reviews discussing flow-topography phenomena are the studies of Hopfinger and van Heijst [1993],
Boyer and Davies [2000], and van Heijst and Clercx [2009].
Those works provide a modern and complete description
of several flows subject to different topographic scenarios.
They also describe the similarity parameters that provide
a physical justification to compare experimental results
with oceanographic or atmospheric observations as well
as a review of different experimental methods for flow
measurement and visualization. A classical reference to
the dynamics of rotating flows is the book of Greenspan
[1968].
In Section 7.2 we briefly review some typical characteristics of the modeling of geophysical flows in rotating
fluid containers as well as some aspects of (nonrotating)

Modeling Atmospheric and Oceanic Flows: Insights from Laboratory Experiments and Numerical Simulations,
First Edition. Edited by Thomas von Larcher and Paul D. Williams.
© 2015 American Geophysical Union. Published 2015 by John Wiley & Sons, Inc.
139

i

i
i

i

i

i
“vonLarcher-Driver” — 2014/10/11 — 10:07 — page 140 — #2

i

i

140 MODELING ATMOSPHERIC AND OCEANIC FLOWS

shallow-layer flows. Sections 7.3–7.5 contain several
examples of laboratory experiments performed in facilities with very different horizontal and vertical sizes.
Finally, Section 7.6 presents some concluding remarks.
7.2. THEORY AND EXPERIMENTAL
BACKGROUND
7.2.1. Essential Balance in a Rotating System
The motion of a homogeneous fluid in a steadily rotating tank presents a remarkable characteristic: When the
rotation axis is aligned with gravity, fluid motion is predominantly horizontal, i.e., in a plane perpendicular to the
rotation axis. This implies that fluid motion takes place in
the form of vertical columns that remain always parallel to
the angular velocity of the system. This phenomenon was
predicted by S. S. Hough since 1897 [Gill, 1982, p. 506]
and by Proudman [1916], and it has been observed and
reported in numerous laboratory studies since the early
experiments of Taylor [1917, 1921].
In order to illustrate this behaviour, consider a homogeneous, incompressible fluid with density ρ and kinematic
viscosity ν moving in a steadily rotating system with constant angular velocity . Fluid motion is governed by the
Navier-Stokes equations and by the continuity equation
representing conservation of mass:
1
∂u
+ u· ∇u + 2×u = − ∇P + ν∇ 2 u,
∂t
ρ

(7.1)

∇ · u = 0,

(7.2)

where u and P are the velocity field and pressure, respectively. (The pressure is actually the reduced pressure p −
ρ, with p the mechanical pressure and  an effective
potential representing conservative forces per unit mass.
This potential usually contains both the gravitational
potential g and the centrifugal potential c whose gradient is the centrifugal acceleration ∇c ≡ −×(×r),
with r being the position vector.)
Consider the system’s angular velocity as  = k, with
the rotation axis along direction k. The governing equations can be written in nondimensional form by introducing a length L, a time L/U, with U a characteristic
velocity, and considering the pressure scale as 2UL:

 
∂u


+
u
·
∇u
(7.3)
+ k×u = −∇P + E∇ 2 u ,

∂t
∇ · u = 0.

(7.4)

The nondimensional numbers in (7.3) are the Rossby number  = U/fL, where f = 2 is the Coriolis parameter,
and the Ekman number E = ν/fL2 . The Rossby number measures the importance of the advective acceleration

U 2 /L compared with the Coriolis acceleration fU. Alternatively, the Rossby number can be interpreted as the
ratio of the inertial period and the advective time scale
 = f −1 /(L/U); in this sense, a small Rossby number refers
to “slow” motions with respect to the rotation period. The
Ekman number E estimates the importance of viscous
effects with respect to Coriolis accelerations. The relative
vorticity of the velocity field is defined as ω = ∇×u and
scales as U/L. The nondimensional vorticity equation is

 
∂ω
(7.5)
+ u ·∇ω = (k + ω )·∇u + E∇ 2 ω .

∂t
Since rotation effects are fundamental in mesoscale and
large-scale geophysical flows, rotating tank experiments
are usually designed in such a way that the Rossby and
the Ekman numbers are typically very small, i.e.,   1
and E  1. Considering quasi-steady motions and ignoring nonlinear and viscous effects, it is verified from (7.3)
that the flow is nearly in geostrophic balance,
k×u ∼ −∇P .

(7.6)

For this particular balance the vorticity equation (7.5) is
reduced to
k ·∇ u ∼ 0,

(7.7)

which is the celebrated Taylor-Proudman theorem. To
facilitate the physical understanding of (7.6) and (7.7),
consider a laboratory fluid tank steadily rotating about
the z axis of a Cartesian coordinate frame (x , y , z ). Both
the angular velocity vector and the constant-gravity vector
are aligned in the vertical direction. It is straightforward
to show that the horizontal momentum equations indicate
that the horizontal accelerations are balanced by the pressure gradients, and the z equation expresses that the flow
is so slow that it can be considered to remain in hydrostatic
balance. The vorticity equation (7.7) implies
∂u
∼ 0,
(7.8)
∂z
that is, each component of the velocity (u , v , w ) is independent of the coordinate parallel to the axis of rotation.
The most striking consequence of the Taylor-Proudman
theorem is that the horizontal divergence is zero, because
∂w /∂z = 0 in the continuity equation. This condition
states that there is no divergence or convergence of fluid
in any plane (x , y ) perpendicular to the axis of rotation.
If the vertical velocity component is zero at some level,
for instance the solid bottom tank, then it is zero for all
z . In this case the flow is purely two-dimensional, and the
motion takes place in the form of columns, always parallel to the rotation axis. Such a visually attractive effect
is easily observed in rotating tank experiments by adding
dye to the flow. What happens when these fluid columns
experience a change of depth?
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Figure 7.1. Left: Schematic view of a homogeneous fluid layer over spatially variable topography in a rotating system. Right:
Bottom Ekman layer with thickness δE and the geostrophic interior with depth h(x, y) under the rigid-lid approximation. Typically
δE << h(x, y) in laboratory experiments.

7.2.2. Topography Effects
The principal effect of topography on the dynamics of
rotating flows is by stretching or squeezing of vertical fluid
columns. It is assumed that the horizontal flow field (u, v)
is independent of the vertical coordinate z, in line with the
discussion in the previous section. In dimensional terms it
means that u ≡ u(x, y, t) and v ≡ v(x, y, t). In addition, the
flow remains in hydrostatic balance in the vertical direction. These assumptions allow the formulation of the flow
dynamics in terms of the vertical component of the relative vorticity ω = ∂v/∂x − ∂u/∂y. Taking the curl of the
equations of motion (7.1), the evolution equation for ω is
∂ω
∂ω
∂ω
+u
+v
+
∂t
∂x
∂y




∂u ∂v
+
(ω + f ) = ν∇ 2 ω. (7.9)
∂x ∂y

Now it is required to find the horizontal velocity components in terms of the relative vorticity in order to close
the system. For this purpose the continuity equation (7.2)
is integrated in the vertical direction over the full layer
depth, i.e., over hB ≤ z ≤ h + hB , where h(x, y, t) is the
layer depth and hB (x, y) describes the spatially variable
bottom topography (Figure 7.1, left). Note that h contains the free surface elevation associated with the flow
itself, which may be time dependent. In the discussion
below it is necessary to consider the rigid-lid approximation, which consists of neglecting the temporal variations
of h when compared with changes associated with topographic variations. This approximation filters out gravity
waves as if the top surface was flat, and the surface elevation is no longer a dependent variable. In addition, a
thin Ekman layer of thickness δE ≡ (2ν/f )1/2 is considered at the solid bottom (Figure 7.1, right). Depending on
the boundary conditions imposed, the z integration of the
continuity equation may lead to different formulations of

quasi-two-dimensional flows over topography. Before presenting a complete dynamical model, we discuss first the
main inviscid and viscous contributions separately.
1. Inviscid Topography Effects. Ignoring the Ekman
layer, the vertical integration of the continuity equation
(using kinematical conditions at the surface and at the
bottom) implies that the horizontal divergence is given
by material changes of fluid columns:
1 Dh
∂u ∂v
+
=−
.
∂x ∂y
h Dt

(7.10)

Inserting this expression in the inviscid form of (7.9)
yields the material conservation of potential vorticity
q = (ω + f )/h:
Dq
= 0.
Dt

(7.11)

This property indicates that the relative vorticity of
a fluid column will change when experiencing depth
variations due to stretching/squeezing effects on fluid
columns. As a column moves toward a deep region,
it is stretched and gains positive vorticity. In contrast,
fluid motions toward shallower regions imply squeezing
effects and the production of negative vorticity. Since
most of laboratory experiments are characterized by
weak viscous effects, this dynamical behavior is fundamental when studying the effects of variable topography.
2. Viscous Topography Effects. The main effect of
the viscous Ekman boundary layer at the bottom is to
slow down the flow motion. This behavior arises as a
consequence of the Ekman pumping-suction condition
between the thin boundary layer and the rest of the fluid
column. Essentially, the Ekman theory states that the
flow inside the Ekman layer induces a nonzero vertical
velocity [see, e.g., Pedlosky, 1987]. By means of this mechanism, fluid is exchanged between the Ekman layer and
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the interior geostrophic region. The Ekman condition is
expressed by the vertical velocity on top of the Ekman
layer, which is proportional to the relative vorticity of the
interior flow: w |z=δE = δE ω/2. Using this condition as the
bottom boundary condition when the continuity equation is vertically integrated (together with the rigid-lid
approximation), it is easily verified that
∂u ∂v 1 1
+
= E 2 ω,
∂x ∂y 2

(7.12)

1
2

with E = δE /H. Thus, the horizontal divergence is produced by the entrainment or detrainment of fluid from
the Ekman layer and is proportional to ω. When the flow
has positive relative vorticity, the Ekman layer pumps
fluid into the geostrophic interior domain, whereas fluid
columns with negative vorticity imply a flow into the
Ekman layer. In both cases the relative vorticity ω in
the interior decays by stretching and squeezing effects,
respectively. By using this result in the vorticity equation
(7.9), and neglecting all nonlinear terms and lateral friction (in order to isolate the bottom damping effects), it is
found that
1 1
∂ω
= − E 2 f ω.
∂t
2

(7.13)

Thus the relative vorticity decay induced by the Ekman
layer is exponential, ω ∝ exp(−t/TE ), where the decay
rate defines the characteristic Ekman time scale
TE =

2
fE

1
2

≡

H
1

.

(7.14)

(ν) 2

7.2.3. Quasi-Two-Dimensional Models
Inviscid and viscous topography effects can be incorporated in a single formulation as derived by Zavala Sansón
and van Heijst [2002]. Considering both effects, the z integration of the continuity equation gives the horizontal
divergence as the sum of their contributions:
1 Dh δE
∂u ∂v
+
=−
+ ω,
∂x ∂y
h Dt 2h

(7.15)

where the kinematic boundary condition is used at the
free surface and the Ekman pumping-suction condition
is used at the lower boundary. The key point is to use
the rigid-lid approximation ∂h/∂t ∼ 0, which implies that
now h ≡ h(x, y). This allows the definition of a transport
function ψ from (7.15) such that, up to O[(δE /h)2 ], the
horizontal velocity components are




δE ∂ψ
1
∂ψ
δE ∂ψ
1 ∂ψ
−
,
v=
−
−
.
u=
h ∂y
2h ∂x
h
∂x
2h ∂y
(7.16)

Inserting these expressions together with the horizontal
divergence (7.15) in the evolution equation (7.9) yields:
δE
δE
∂ω
+ J(q, ψ) − ∇ψ · ∇q = ν∇ 2 ω − ω(ω + f )
∂t
2h
2h
(7.17)
where J is the Jacobian operator. The relative vorticity is
written in terms of the transport function:
1
δE
1
ω = − ∇ 2 ψ + 2 ∇h · ∇ψ + 3 J(h, ψ).
h
h
h

(7.18)

This model is essentially a shallow-water formulation
with a rigid lid. The inviscid version (omitting all viscous terms) and its properties are clearly explained by
Grimshaw et al. [1994]. A more conventional formulation consists of considering topographic variations much
smaller than the total fluid depth. This is the quasigeostrophic approximation model, which can be derived
by writing the fluid depth as h(x, y) = H − h(x, y), where
H is the mean depth, and small deviations are such that
| h(x, y)|  H. The vorticity equation has the form
1
∂ω
+ J(qqg , ψ qg ) = ν∇ 2 ω − E 1/2 f ω,
∂t
2

(7.19)

where now the potential vorticity is defined as qqg =
ω + f h/H and the stream function as ψ qg = ψ/H. Note
that units of these two fields are different from their counterparts in the shallow-water model. Another difference
is that the horizontal velocity has zero divergence, and
therefore the velocity components are u = ∂ψ qg /∂y and
v = − ∂ψ qg /∂x. The corresponding expression of the relative vorticity in terms of the stream function is the Poisson
equation ω = − ∇ 2 ψ qg . In most studies, only linear Ekman
terms are considered.
We make a short digression here: For a geophysical
flow, all models above apply under the so-called f -plane
approximation, which consists of a plane tangent to
Earth’s surface centered at a reference midlatitude φ0 . The
difference is that the geophysical Coriolis parameter is
now given in terms of the angular velocity component perpendicular to the plane, f ≡ f0 = 2 e sin φ0 , with e the
angular speed of the planet. The approximation is valid
for flow motions up to order L ∼ 100 km. For larger scales,
of order L ∼ 1000 km, but keeping the plane approximation, corrections due to the curvature of Earth’s surface must be included. Such corrections are of the form
f = f0 + βy, where y is the latitudinal direction and the
corresponding variation of f is given by the parameter
β = 2e cos φ0 /Re , with Re the mean radius of Earth. The
so-called β-effect implies profound consequences on the
evolution of geophysical flows, and it can be simulated
in laboratory experiments with topography, as shall be
explained below.
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7.2.4. Experimental Considerations
Experiments on geophysical flows are usually
performed within a container rotating about a vertical axis aligned with gravity. The depth scale H is usually
smaller than the horizontal scale L, but not necessarily.
This is an important point to keep in mind when discussing the use of the shallow-water equations versus the
quasi-geostrophic approximation. The experimental tank
is set to rotate steadily for a certain time until the fluid
inside reaches a state of solid-body rotation. How long
is this time? The spin-up process is essentially viscous:
When the container is set in motion, the fluid takes some
time to adjust to the rotation by viscous stresses exerted
by the lateral boundaries (through Stewartson layers) and
the solid bottom (Ekman layer). An additional Ekman
layer may be present at the upper boundary, due either
to the presence of a solid lid or to stresses generated
at the free surface (e.g., by wind). However, the effects
associated with this top Ekman layer will be ignored in
the rest of the chapter. The main damping contribution
during the spin up is due to bottom friction effects, which
become effective after a few Ekman periods TE (7.14).
This is the appropriate time scale for adjustment to
solid-body rotation, and it has to be taken into account
before starting an experiment.
Once the fluid has reached a state of rest in the rotating system (i.e., a state of solid-body rotation), the actual
experiment is started: The fluid is set in motion by generating vortices, currents, or turbulent flows or by any
other desired initial flow. Several methods are carefully
described by van Heijst and Clercx [2009] and references
therein. In the following sections we shall give further
details of the initial forcing in different experiments.
We should stress here the requirement of generating a
flow with a low to moderate Rossby number in order to
ensure that the main horizontal balance in the fluid is
geostrophic.
During the experiment, viscous topographic effects are
expected to become important at times of the order of
TE , again. Thus, experiments devoted to study flows in
the absence of bottom friction should have a duration
shorter than the Ekman period. In contrast, when bottom
friction effects are the main subject of study, it is necessary to perform experiments during one or more Ekman
periods. The conventional way to include Ekman damping is by considering only the dominant linear term in
the vorticity equation (7.17) and neglecting the nonlinear Ekman terms. This is an acceptable approximation for
most laboratory experiments. However, weak nonlinear
Ekman friction effects might be important in some cases,
for instance, when considering weak asymmetries between
cyclonic and anticyclonic regions (Zavala Sansón and van
Heijst [2000a]).

In the presence of variable topography, the flow
response will strongly depend on the specific configuration used at the bottom of the container. Regardless of
the shape of the topography, it is fundamental to have
an estimation of the effects associated with depth variations before starting an experiment. Such an estimation is
obtained by means of the topographic β-effect, which is
dynamically equivalent to the planetary β-effect. In order
to understand this equivalence, it is useful to compare the
potential vorticity of the following two cases: (i) the laboratory with variable topography and (ii) the planetary
β-plane assuming a constant depth. In the inviscid limit,
conservation of potential vorticity in these two cases is
expressed by
qlab ≡

ω+f
= const.,
h

qpla ≡ ω + βy = const.
(7.20)

These relationships show that increasing (decreasing)
depth in the laboratory is equivalent to decreasing
(increasing) y in the ocean. Now assume the fluid depth in
the container to vary linearly along an arbitrary direction,
say y, such that h = H − δB y/W , where H is the maximum fluid depth, δB is the height of the topography over
a horizontal distance W , and the topographic slope is
such that δB /W  1. As the Rossby number of the flow is
assumed small enough, conservation of potential vorticity for fluid parcels in the rotating laboratory tank implies
that qlab ≈ ω + βt y = const., with
βt =

f δB
.
WH

(7.21)

Thus, the first-order effect of the bottom topography in
the laboratory is equivalent to the planetary β-effect along
the meridional y direction. Therefore, it is usually referred
to as the topographic β-effect. Note that the “meridional”
direction in the laboratory depends on the orientation of
the topography.
In order to write the topography parameter βt in nondimensional terms, we must multiply by the horizontal scale
of the flow L and divide by the Coriolis parameter: βt =
LδB /WH. Different values can be estimated as the topography varies in different locations. It is important to point
out that the appropriate parameter to compare the influence of topographic variations in experiments and in geophysical situations is the nondimensional parameter βt ,
and not the topographic slope δB /W .
These arguments can be applied to the parabolic free
surface deformation of a rotating system, which also
produces an equivalent β-effect. In this case, the free
surface elevation η ≈ f 2 W 2 /8g plays the role of δB ,
and W is about half the length of the container. Thus,
βη ≈ f 3 W /8gH. In many experiments the stretching and
squeezing effects due to the parabolic deformation of the
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free surface are undesirable and are usually neglected. In
order to justify it, the experimental setup must be designed
to have βη  βt . In some experiments, a parabolic bottom plate was introduced for a specific  value having
the same shape as the free surface in order to eliminate
any topographic effects associated with the free surface
deformation [e.g., Trieling et al., 2010].
7.2.5. Shallow Flows
Flows in shallow fluid layers, with the layer depth
H significantly smaller than the horizontal scales L,
i.e., δ = H/L  1, are anisotropic because of the difference in scales: On the basis of the continuity equation
it is commonly argued that the horizontal and vertical velocity components U and W , respectively, scale as
W ∼ Uδ  U. In the ideal case of a stress-free bottom
and upper surface, one would have w = 0 and ∂/∂z = 0,
so that the vorticity vector is ω = (0, 0, ω) and the motion
is purely 2D and governed by
∂ω
+ J(ω, ψ) = ν∇ 2 ω,
∂t

(7.22)

with ψ the stream function.
The presence of a no-slip bottom is usually taken into
account by adopting a parabolic (Poiseuille) profile in the
z direction. This quasi-2D (planar) flow is then assumed
to be governed by
∂ω
+ J(ω, ψ) = ν∇ 2 ω − λω
∂t

(7.23)

with λ = ν(π/2H)2 the Rayleigh friction coefficient [see,
e.g., Clercx and van Heijst, 2009]. In recent studies by
Akkermans et al. [2008a, 2008b], Cieślik et al. [2009b], and
Kamp [2012], however, it was found that significant vertical motions may occur in shallow-layer flows even for
δ → 0 and that a correlation exists between the vertical
motion and the rotation/strain of the primary horizontal
flow field.
Experimentally, shallow flows have been studied in laboratory configurations of varying sizes. Large-scale experiments on turbulent mixing layers, for example, have been
carried out in tanks of horizontal dimensions ranging
from 1 m to tens of meters [see, e.g., Jirka and Uijttewaal, 2004]. Such flows are usually characterized by larger
Re values, and hence are turbulent. Shallow flow experiments in much smaller geometries (with a water depth
H ≈ 10 mm and a typical horizontal size L ≈ 50 cm) have
been performed by a number of researchers [e.g., Tabeling et al., 1991; Xia et al., 2009; Figueroa et al., 2009],
with the purpose of studying the characteristics of 2D
turbulence. The motion in these experiments is typically
generated by electromagnetic forcing, as will be described
in Section 7.5.

7.3. LARGE-SCALE EXPERIMENTS O(10 M)
The very first attempts to perform experiments with a
rotating tank were rather modest, as the pioneering work
by Taylor [1921]. During the 1950s and 1960s the study of
geophysical flows by means of laboratory models showed
a trend toward the construction of large-scale apparatus.
Part of the story of these developments is narrated by
von Arx [1957], who described the 4 m diameter rotating tank constructed at the Woods Hole Oceanographic
Institution. In 1960 the Coriolis platform, a 13 m diameter device, was built by the University of Grenoble and a
group of French science agencies in Grenoble, France. The
original purpose was to model tidal motions in English
Channel (La Manche) affected by the rotation of Earth.
The platform was dismantled in 2010 and has recently
been rebuilt with numerous technological improvements.
Another well-known large-scale facility is the 5 m diameter platform at the Norwegian University of Science and
Technology in Trondheim, Norway.
With a large-scale platform it is possible to generate
flows with very low Rossby and Ekman numbers, as
required for cases where rotation effects are fundamental. For modeling fluid phenomena over variable topography, a large-scale tank is very convenient because a
topographic feature can be constructed with great detail
given the range of typical depths (around H ∼ 0.5 to 1 m).
Another advantage is that the Ekman time scale, proportional to H, can be relatively large in comparison with
smaller rotating tanks, which makes possible to perform
long experiments without the influence of Ekman damping (TE can be as long as 30 min, whereas in a medium-size
tank it is typically 3–5 min).
7.3.1. The β-Drift of Monopolar Vortices
On a planetary β-plane in the Northern Hemisphere,
cyclonic vortices move northwestward, while anticyclones
drift in the southwestern direction [see, e.g., McWilliams
and Flierl, 1979]. This effect is due to the redistribution of
relative vorticity in the vortex core, as fluid columns change
latitude while conserving potential vorticity. As a result,
vortices preserve their quasi-circular shape, superimposed
by a dipolar component causing the vortex motion.
Laboratory experiments of planetary flows cannot simulate this phenomenon directly, because the first-order
effects of the curvature of Earth are not present in a uniformly rotating fluid tank. However, the planetary β-plane
can be simulated by taking advantage of the dynamical
equivalence (7.20) shown above: Using a uniform weak
sloping topography over the length of a rotating tank, a
nearly uniform topographic βt is obtained over the whole
domain. Then, the shallow part corresponds to the north
and the deep part to the south. The experimental βt value
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Figure 7.2. Drift of monopolar cyclonic vortices over a sloping bottom topography in a rotating tank. Adapted from Flór and
Eames [2002]. See also Table 7.1. Left: Relative vorticity contours of a stirring vortex drifting in “northwest” direction. The central
core contains positive vorticity contours, whereas the surrounding negative vorticity is characteristic of this type of vortices. Right:
Same for a sink vortex, but now the negative vorticity around the vortex is generated only by the topographic β-effect. The vortices
are generated at the “southeast” (lower right) corner. The scale of both domains is in cm.

is given by (7.21). The use of a sloping bottom to mimick the β-effect was originally developed by Pedlosky and
Greenspan [1967], and it was widely used in experiments
on the wind-driven ocean circulation or the intensification and separation of western currents, among other
applications [Griffiths and Kiss, 1992]. More recently, the
topographic β-plane has been used to study the motion
of vortices. A detailed derivation and discussion are given
by van Heijst [1994].
There have been numerous experimental studies on the
motion of monopolar vortices on a topographic β-plane
[e.g., Masuda et al., 1990; Carnevale et al., 1991]. In
particular, Flór and Eames [2002] studied the motion of
barotropic vortices on the Coriolis platform. Following
Carnevale et al. [1991], the study of Flór and Eames examined the drift of two different cyclonic vortices, namely,
“sink” and “stirring” vortices. These names are associated with the generation methods and have been widely
explained in the reviews by Hopfinger and van Heijst [1993]
and van Heijst and Clercx [2009]. Both structures are initially axisymmetric. On a flat bottom, sink vortices have
a single-signed vorticity and are hence nonisolated, while
stirring vortices consist of a core surrounded by an annulus of oppositely signed vorticity in such a way that the
vortex contains zero net vorticity. The authors included
in their analysis an additional parameter α measuring the
steepness of the azimuthal velocity profiles.
Once generated, cyclonic vortices drift toward the
“northwest” direction, which corresponds with an uphill
motion with a leftward component. The northwestward
motion of sink and stirring cyclones depends on their different vorticity distribution and also on the steepness of
their corresponding profiles. Stirring vortices travel with

a pronounced northward trajectory, while sink vortices
drift more in a northwest direction (Figure 7.2). This result
was already known from experiments in a medium-size
rotating tank by Carnevale et al. [1991]. The relevance of
the study by Flór and Eames in a larger container is that
quantitative measurements of the vortex structures, trajectories, velocity, and vorticity fields can be obtained with
much higher resolution and detail. For instance, sink vortices develop an enveloping patch of negative vorticity as
they drift, similar to the anticyclonic ring of stirring vortices (see Figure 7.2). This patch is associated with Rossby
wave radiation due to the β-effect.
Another advantage of the large container is that it
allows the use of a very gentle slope (s ≈ 0.053), in comparison with the more abrupt topographies used in smaller
containers by Masuda et al. [1990] and Carnevale et al.
[1991]. A weaker slope improves the simulation of the
planetary β-effect, as illustrated in Table 7.1, where the
dimensional and nondimensional β values in the experimental flows and in oceanic flow conditions are presented.
For the oceanic case, typical values of mesoscale vortices
at midlatitude are considered, which give a nondimensional β  ≈ 0.01. The effective β parameter in the studies by Masuda et al. [1990] and Carnevale et al. [1991]
are overestimated by approximately a factor of 7 and 4,
respectively, while the parameter obtained in the large
platform (0.015) is much closer to the oceanic value.
7.3.2. Topographic Waves
For small-amplitude motions (e.g., in the wake of a
moving vortex), the planetary β-effect induces radiation
of so-called Rossby waves. These waves can be visualized
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Table 7.1. Dimensional and nondimensional topographic β
parameters in the experiments performed on a large-scale platform by Flór and Eames [2002] (column FE) compared with
the corresponding values in two experiments using mediumscale containers by Masuda et al. [1990] and Carnevale et al.
[1991] (columns M and C, respectively). Considering that in
the ocean f ≈ 10−4 and β ≈ 10−11 m−1 s−1 , and a mesoscale
vortex with length scale L ≈ 105 m, yields a nondimensional,
planetary parameter β  ≈ 0.01.

s (slope)
f (s−1 )
H (m)
βt (m−1 s−1 )
L (m)
βt = Lβt /f

M (1990)

C (1991)

FE (2002)

0.333
4
0.24
5.55
0.05
0.069

0.133
1.2
0.171
0.933
0.05
0.039

0.053
0.25
0.35
0.038
0.1
0.015

as an alternating pattern of clockwise and anticlockwise circulation cells translating westward. Because of the
dynamical equivalence (7.20), similar oscillations are also
generated over a topographic slope, and they are usually
referred to as topographic (Rossby) waves. Because these
waves are associated with conservation of potential vorticity, their frequency is subinertial [Brink, 1991]. When
generated near the coastline, the waves are also referred
to as continental shelf waves, and they travel along the
coast with shallow water to the right (left) in the Northern (Southern) Hemisphere. They can also travel along a
submerged slope [Rhines, 1969].
Since wavelike motions are in general very weak features, fine observations are required to obtain quantitative
measurements. In addition, Rossby waves rapidly spread
and occupy wide areas, so a large facility is necessary to
detect them. This has been done in the Coriolis platform
in different studies. For instance, Pierini et al. [2002] conducted experiments in a straight channel with a bottom
topography consisting of a linear slope separating two
regions with depths 0.3 and 0.6 m. The length of the channel was 4.3 m, and the width was 2 m, so the slope was
about 0.3/2 = 0.15. Wave motions were generated by using
a wavemaker consisting of a paddle oscillating in front of
the topographic feature. The rotation periods of the platform in different experiments were between 35 and 50 s,
while the period of the wavemaker was 90 s. Under these
conditions, the authors measured the horizontal velocity
field on the free surface and detected three alternating
patches of opposite circulation along a distance of 4 m
over the topography (see their Figure 7.3). The duration
of the longest measurements is about 8 min. The authors
concluded that in all the analyzed cases the first Rossby
normal mode was generated.

(a)
Lifted
cylinder

Shallow

9m

Slope

Generated rossby wave

Deep

Cyclonic vortex

(b)

Shallow

Deep
(c)
Shallow

Deep

Figure 7.3. Preliminary experimental study of topographic
waves excited by the passage of a cyclonic vortex (unpublished results by Zavala Sansón and van Heijst). (a) Schematic
view (not to scale) of the experiments: A cyclonic vortex generated by the collapse technique drifts along the topographic
slope and generates topographic Rossby waves traveling with
shallow water to the right. (b) Relative vorticity surfaces measured in a horizontal plane at time t = 14T, with T = 30 s the
rotation period of the Coriolis platform. The domain shown
is a 3.5 m × 1.8 m rectangle. The submerged slope is 0.5 m
wide (approximated separation between dashed lines) and centered in the figure. The vortex is generated near the lower
right corner. The small, strong cyclonic vortex at the shallow side is a spurious vortex generated during the experiment
and does not play any role on the evolution of the topographic waves over the slope. (c) Corresponding surfaces of
the velocity component v, perpendicular to the topography
contours. For color detail, please see color plate section.
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Similar experiments were carried out by Cohen et al.
[2010]. In their study, the bottom topography extended
along an external annulus 4 m wide around the Coriolis
platform. The maximum fluid depth at the internal circumference was 1 m, while the depth at the external wall
was 0.6 m, so the slope is 0.4/4=0.1. The period of the platform was about 30 s. At some point over the topography
the waves were generated by two short rods connected to a
motor. The characteristics of the rods determined the type
of excited wave. Field measurements were carried out over
an observation area at the opposite side of the wavemaker.
Using this information, the authors measured the velocity
fields and the corresponding velocity time series in order
to calculate the characteristic oscillations of the waves.
Their purpose was to analyze the dispersion relation of
the topographic waves measured in the experiments and to
compare the results with the dispersion relation of a harmonic model (in which the cross-topography structures
of the waves are trigonometric functions) and a proposed
model based on Airy functions. Thus, this type of experiments can be useful not only to observe the waves but also
to test analytical theories.
Topographic waves can be excited by the passage of a
vortex over a topographic slope. This has been the subject
of a series of recent experiments in the Coriolis platform by the authors of this chapter. The bottom topography consisted of a steep submarine escarpment that
has approximately a tanhshape with a maximum depth
of 0.8 m, a minimum depth of 0.55 m, and a width of
0.5 m, so the slope is 0.25/0.50=0.5. A cyclonic vortex was
generated at the deep side of the escarpment. This vortex
was generated by lifting a solid cylinder out of the fluid,
which creates a low-pressure zone and a corresponding
cyclonic motion. This method is referred to as the “collapse technique” by Kloosterziel and van Heijst [1992]. The
presence of the bottom slope makes the vortex move along
the topography, as sketched in Figure 7.3a. These experiments were performed over a 9 m long, straight topography that covers a great part of the platform diameter.
Measurements of vorticity and horizontal velocity have
revealed the structure of the topographic waves. Figures
7.3b and 7.3c show the vorticity field and the velocity
component v transversal to the topography. The slope
is centerd along the x axis, so the upper part of the
figure corresponds to the shallow and the lower part to
the deeper part of the flow region. The graphs, covering
a domain of almost 4 m in the horizontal, are a composite picture obtained from two cameras mounted in the
corotating superstructure of the platform. At the time the
photographs were taken, the vortex had already passed
the view field, and in its wake the Rossby wave is clearly
observed in the v field (Figure 7.3c), rather than in the
vorticity field ω (Figure 7.3b). The whole pattern drifts to
the left, along the topography, which is the topographic

compass direction “west.” This study was designed to perform quantitative measurements of the vertical velocity
component w in order to estimate the relevance of the
topographic waves on the vertical transport. The results
will be published elsewhere. Regarding vertical motions,
we shall now discuss a similar study on vortices over
submarine mountains.
7.3.3. Vertical Motions
As discussed above, a first approach in the modeling
of geophysical flows consists of considering the fluid
motion as organized in the form of vertical columns.
However, stretching and squeezing effects triggered by a
flow impinging on variable topography may drive vertical motions and material transport. Some authors have
proposed these effects as a mechanism to explain the
upwelling of deep waters over seamounts or continental
slopes, which are nutrient-rich waters that in turn favor
plankton and fish abundances over these topographic features [see, e.g., Beckmann and Mohn, 2002]. An equivalent
debate exists about the action of planetary Rossby waves
on the pumping of nutrients to the ocean surface [Uz et al.,
2001].
Laboratory experiments in large-scale facilities may
provide new insights not only in the horizontal but also
in the vertical flow fields generated by a vortex over a submarine obstacle. This was recently done by Zavala Sansón
et al. [2012], who performed a series of experiments on
the Coriolis platform on the evolution of cyclonic vortices over an axisymmetric mountain. The mountain consisted of a solid, axisymmetric structure, with a maximum
height of 0.3 m above the bottom of the rotating platform and a radius of 0.5 m. The large dimensions of
the experimental tank allowed to place the mountain far
enough (i.e., several mountain diameters) from the lateral walls. The experiments reproduced the main results in
the horizontal velocity field observed in previous studies:
cyclonic vortices drift in an anticyclonic direction around
a conical hill due to the topographic β-effect associated
with the slope of the topography (reported by Carnevale
et al. [1991] using a medium-scale rotating tank). Another
important result is the generation of anticyclonic vortices
over the summit of a seamount, as shown in the numerical
simulations of Verron and Le Provost [1985].
How is the structure of the vertical velocity field when
a cyclonic vortex rotates around the tip of the mountain? The measurements revealed that the flow in a vertical
plane across the mountain has an oscillatory character associated with the orbital motion of the vortex
around the topography. This behavior was measured in
a number of experiments and was simulated numerically afterward. The simulations were based on the quasitwo-dimensional model (7.17) that allows to solve the
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Horizontal velocity field

(a)

(b)
Vertical velocity field

Figure 7.4. Numerical simulation of a cyclonic vortex around a submarine mountain. Adapted from Zavala Sansón et al. [2012].
Upper panels: Horizontal velocity field and trajectory calculated at t = 13.5T (left) and t = 19T (right), with T = 30 s the rotation
period of the Coriolis platform. The vortex is initialized at the southeast flank of the mountain (solid circle). The domain is a
square of sides 2.07 m centerd on the mountain. Lower panels: Corresponding velocity fields in the vertical y−z plane across the
mountain with dimensions 1 m × 0.8 m. The maximum horizontal (vertical) velocity is 0.05 m/s (0.01 m/s).

horizontal, z-independent velocity field. Subsequently, the
vertical velocity w can be calculated by integrating the
continuity equation again, but now up to an arbitrary level
z [Pedlosky, 1987, p. 63]. Using the definitions of h, hB , and
H, it is verified that


∂u ∂v
w(x, y, z; t) = −(z − H)
+
.
(7.24)
∂x ∂y
Figure 7.4 presents the horizontal and vertical velocity fields at two different times in a typical simulation.
As the vortex approaches the mountain in a spiral trajectory, the horizontal fields reveal that the flow over the
mountain is due to the cyclonic vortex as it turns around
the topography. For instance, when the vortex is located
at the left-hand side of the mountain (Figure 7.4a), the
circulation in the vertical plane is in the positive y direction. Afterward, the vortex moves to the right flank of
the mountain (Figure 7.4b), and consequently the flow is
directed in the negative y direction. The flow is reversed
every time the vortex crosses the vertical plane.

7.4. MEDIUM-SCALE EXPERIMENTS O(1 M)
It is much easier and affordable to build, maintain,
and operate a smaller rotating platform with dimensions
of about 1 m than operating large-scale facilities. Rotating tanks of medium size are commonly used in several institutions all over the world since a few decades.
These experimental apparatus have proven to be a great
method not only for scientific research but also for educational purposes. As in the case of larger devices, mediumscale experiments are still characterized by relatively small
Rossby numbers, and therefore they are suitable for experiments on flows over variable bottom topography.
7.4.1. Vortices Over Topographic Features
As mentioned above, many studies were aimed at gaining a better understanding of the evolution of vortices
over topographic features such as a submarine obstacle.
The vortex behavior will strongly depend on the shape and
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(a)

(b)
Steep slope

Side views

Ridge

Top views

Figure 7.5. Dye photographs showing strong vortex-topography interactions in medium-scale rotating tanks. (a) Cyclonic vortex
over a steep slope at the “western” wall. Adapted from Zavala Sansón and van Heijst [2000b]. The vortex is forced to move to the
south, while meandering and being deformed over the slope. The domain is a 0.8 m × 1.2 m rectangle. The width of the slope
is 0.23 m. The maximum fluid depth is 0.2 m, and the minimum depth at the western wall is 0.08 m. (b) Cyclonic vortex over
a topographic ridge. Adapted form Zavala Sansón [2002]. The domain is a 0.8 m × 1.2 m rectangle. The width of the ridge is
0.1 m, and the height is 0.03 m. The maximum fluid depth is 0.21 m.

characteristics of the topographic feature as well as on
the vortex parameters. Some authors adopt a topographic
β-plane in order to produce the drift of monopolar vortices toward the obstacle, whereas in other studies the
vortices are initially generated over the variable topography. Several cases were reviewed by van Heijst and Clercx
[2009]. Here we underline two remarkable effects observed
in this type of experiment.
Strong vortex deformation: An abrupt topographic feature is characterized by a typical height that is a sustantial fraction of the total fluid depth. Such a condition
implies important stretching and squeezing effects on fluid
columns and therefore important changes in their relative
vorticity. This leads to a strong deformation of the vortices
and/or to clear deviations of their initial trajectory. Consider, for instance, the fate of a cyclonic vortex impinging
a pronounced “western” slope as shown in Figure 7.5a.
The vortex is initialized far from the continental slope,
and it was made to drift to the northwest by the topographic β-effect of an additional overall weakly sloping
bottom. The photograph shows a dye visualization of
the vortex, which has been deflected to the south, being

strongly deformed, and leaving a meandering tail along
the topography. These meanders are so intense that they
may form new vortices. In fact, they are a manifestation of
very intense topographic Rossby oscillations, as described
in the previous section.
Another remarkable deformation is that of a cyclonic
vortex over a topographic ridge (Figure 7.5b). Initially
the circular vortex acquires a translating motion toward
the topography due to the influence of the closest slope.
Then it climbs to the top and the shape becomes elliptical, with the major axis perpendicular to the isobaths. The
vortex deformation when crossing the topography leads
to a remarkable event, namely, the vortex splitting in two
parts, one at each side of the ridge. The vortex elliptical
distortion can be understood by means of the topographic
Rossby radiation over the opposite slopes of the topography, which are manifested by two anticyclonic cells that
strangulate the vortex (see Figures 10 and 11 in Zavala
Sansón [2002]). The remarkable distortions of the vortices
over abrupt topographies strongly suggest that these cases
should be treated under the shallow-water rather than the
quasi-geostrophic approximation.
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Vortex attraction toward a topographic obstacle: It is
not necessary to use a topographic β-plane to study
vortex-topography interactions. The sole presence of a
topographic feature might be enough to set the vortex motion, even if the vortex is relatively far from the
obstacle. The reason is the β-drift induced by the nearest slope. Thus, on the Northern Hemisphere, cyclones
(anticyclones) are attracted toward topographic upslopes
(downslopes). The important point is that the trajectory
depends on the far-field structure of the vortex (given
a certain topography). This effect was used in the studies described above to attract cyclonic vortices toward a
ridge and a submarine mountain [Zavala Sansón, 2002;
Zavala Sansón et al., 2012]. It has been proposed by Zehnder [1993] that this mechanism, the effect of the vortex
far field, might play a role on the trajectory of tropical
cyclones under the influence of continental topography.
7.4.2. Turbulence Over Variable Topography
In the absence of external forcing, strictly twodimensional turbulent flows are characterized by a selforganization process in which energy is transferred from
small scales of motion toward larger scales. This is
the concept of the inverse energy cascade proposed by
Kraichnan [1967], based on the pioneering ideas of L. F.
Richardson since 1922. A similar process is observed in
homogeneous, quasi-two-dimensional turbulence, where
rotation effects and bottom topography variations are
taken into account. An interesting example is the spin
up of fluid over a sloping bottom in a rectangular tank
observed by van Heijst et al. [1994], who discuss the influence of the topography on the formation of a regular
pattern of vortices along the container. When random
variable topography is present, the inverse energy cascade
is halted as the flow tends toward a steady state, aligned
with topography contours with shallow water to the right.
This implies anticyclonic structures over topographic
bumps and cyclonic vorticity over hollows. This process
was examined within the quasi-geostrophic context by
Bretherton and Haidvogel [1976], who showed that the
quasi-steady state of the flow aligned along topographic
contours is characterized by a linear relationship between
potential vorticity and the stream function. Using the
more general shallow-water approximation, Zavala Sansón et al. [2010] studied numerically the long-term evolution of turbulent flows over random topography. In their
results a linear relationship between potential vorticity
and transport function was verified, equivalent to that
found by Bretherton and Haidvogel.
We have already described some experiments using isolated topographic features (submarine obstacles, linear
slopes, ridges, etc.); however, irregular topographies covering the whole container have not been sufficiently studied

in the laboratory. One reason may be that bottom topography variations in typical experiments using medium-size
tanks are usually not very small, which restricts the use
of the quasi-geostrophic model. One of the few experimental studies on this topic was performed by Zavala
Sansón [2007], who examined the evolution of dipolar and
tripolar vortices over a sine-shaped topography in one of
the horizontal directions. The qualitative results showed
that in both cases the long-term evolution of the vortices
was characterized by the alignment of the flow along the
topographic contours. Cyclonic relative vorticity was distributed over the deep regions, while anticyclonic vorticity
spreads over shallow parts of the domain.
Another important reason for the scarcity of experimental cases on rotating turbulence over topography
is that the generation of an initially turbulent flow in
a medium-scale facility might be difficult to reproduce.
Forcing methods are usually mechanical. For instance, a
disordered small-scale initial flow field was obtained by
Maassen et al. [2002] by passing a grid of vertical bars
through the fluid in nonrotating experiments with stratified fluids. In rotating tank experiments, Morize et al.
[2005] generated a turbulent initial condition by lifting a
square grid placed at the flat bottom of the container.
Using the former technique, the studies of Tenreiro et al.
[2010, 2013] provide recent examples of rotating turbulence over a discontinuous topography. In their experiments, the turbulent flow was examined in rectangular and
square containers (1.5 m × 1 m and 1 m × 1 m, respectively) in which the bottom was divided in two regions,
deep and shallow. This is perhaps the most simple topographic variation that can be analyzed by experimental
methods, because both regions have a flat bottom over
which the self-organization process is expected to occur.
However, the presence of the step that divides both sides
of the tank implied rather complicated and unexpected
results. Let us first describe the general characteristics of
the observed phenomena: Initially the flow evolves almost
as if the step was not present, generating larger structures
according to the inverse energy cascade. After a few rotation periods, the step leads to a flow along the topography
that always maintains the shallow region on its right.
Depending on the strength of the flow and the step height,
at some time the vortical structures are no longer able to
cross the topography. As a result, the flow evolves almost
independently in the shallow and deep regions.
Let us illustrate the long-term state of the flow by
means of numerical simulations based on the vorticity
equation (7.17) and omitting Ekman friction. It is important to emphasize that the results are radically different
when the aspect ratio δC of the container is changed
from rectangular (δC = 2, Tenreiro et al. [2010]) to square
(δC = 1, Tenreiro et al. [2013]). In the rectangular case, the
shallow and deep regions are themselves square regions
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Figure 7.6. Numerical simulations of self-organizing turbulent flows in the presence of a topographic step dividing the (dimensionless) domain in shallow and deep regions. The plots represent relative vorticity distributions after several rotation periods of
the system. (a) Rectangular domain: relative vorticity contours; solid (dashed) contours represent positive (negative) values. The
step runs along the x direction (the step height is 0.05). The long-term state of the flow is a large vortex at each region. The sign
of these structures can change with slight variations of the initial conditions, so there is no preferential final state in this system.
Adapted from Tenreiro et al. [2010]. (b) Square domain: relative vorticity surfaces calculated from an ensemble of 12 simulations;
dark (light) colors indicate positive (negative) vorticity. The step runs along the y direction. In contrast with the previous case, the
long-term evolution is systematically given by the four-vortex arrangement shown in the figure, regardless of the initial conditions.
Adapted from Tenreiro et al. [2013].

(see Figure 7.6a). As the self-organization process occurs,
the final state is characterized by one or two dominant
vortices in each region. One could naively expect to find
an anticyclone over the shallow region and a cyclone over
the deep region, according to the results of Bretherton and
Haidvogel [1976]. However, the experiments showed that
it was impossible to predict the sign of the resulting vortices: small variations in the initial conditions led the flow
toward a completely different final state. This result was
reinforced with a statistical analysis. On the other hand,
when using a square container, the results were radically
different: The long term evolution of the flow was characterized by the four vortices shown in Figure 7.6b. It was
found that this arrangement was systematically obtained
in numerical simulations with very different initial conditions, and this preferential vorticity distribution was associated with the topographic step and the aspect ratio of
the domain. The analysis included numerical simulations

using rectangular domains with larger aspect ratios (up to
δC = 5), and it was concluded that a preferential final state
is always found as long as the length of the step LS is equal
to the longest side of the container LC . When LS /LC < 1,
the flow organization after long times remains uncertain.
7.4.3. Bottom Friction With Rotation
Up to now we have focused the discussion on the effects
of variable topography, that is, on inviscid topography
effects. In a rotating system, the viscous effects associated
with the bottom topography are related with the Ekman
boundary layer, as described in Section 7.2. Ekman friction is typically incorporated in the equations of motion
by adding a dominant, linear damping term, and this is
also the case in the vorticity formulation. However, the
vorticity equation (7.17) also includes nonlinear Ekman
terms. Perhaps the most important consequence of these
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Figure 7.7. Time evolution of the sink vortex parameters while decaying over a flat bottom mainly due to Ekman friction. Adapted
from Zavala Sansón and van Heijst [2000a]. Left: Radius of maximum velocity Rmax (left). Right: Normalized peak vorticity ω0 .
Circles denote experimental measurements. The dashed line represents a numerical simulation using the vorticity equation (7.17),
the dashed-dotted line is a simulation using only linear Ekman damping, and the dotted line represents the case with no Ekman
effects. (60) denotes initial parameters 60 s after the forcing was stopped. The fluid depth is 18 cm.

higher-order terms is that the decay rate of cyclonic and
anticyclonic fluid columns is different, i.e., the nonlinear Ekman corrections predict an asymmetry between
cyclones and anticyclones. This is better appreciated by
omitting lateral viscous effects and the Jacobian term
and considering only the linear and nonlinear Ekman
contributions at the right-hand side of (7.17):
1 1
∂ω
= − E 2 ω(ω + f ).
∂t
2
The solution of this equation is
ω0 exp(−t/TE )
,
ω=
(ω0 /f )[1 − exp(−t/TE )] + 1

(7.25)

(7.26)

which states a different decay of cyclonic and anticyclonic fluid columns. Previous studies have also taken into
account the nonlinear Ekman corrections in the special
case of axisymmetric flows. For instance, the spin up in a
rotating cylinder was examined by Wedemeyer [1964]. The
Wedemeyer model considers the azimuthal component of
the Navier-Stokes equation, written in cylindrical coordinates while assuming axisymmetric flow. His results were
later extended by a number of authors in order to study
the spin-down of barotropic vortices [Kloosterziel and van
Heijst, 1992; Maas, 1993].
Medium-scale rotating facilities are suitable for testing
the Ekman friction theories on the decay of homogeneous
flows. The reason is that the Ekman time scale is long
enough to perform precise measurements of the flow
decay, and short enough to avoid undesired perturbations
during the flow evolution (e.g., the effect of the free
surface). Zavala Sansón and van Heijst [2000a] discussed
a series of experiments on the decay of different types
of vortices. For instance, consider an axisymmetric sink
vortex (see Section 7.3.1) generated in a rotating container
sufficiently far away from the lateral walls. Over a flat

bottom, the evolution of these structures is stable, i.e., the
vortices maintain their initially circular shape while being
dissipated. The decay is characterized by an increase of
the radius of maximum azimuthal velocity R, while the
peak vorticity ω0 decays. These two parameters are shown
in Figure 7.7, where the experimental measurements are
compared with three different numerical simulations: (i)
the general model (7.17) (using a flat bottom or constant
depth h ≡ H), (ii) the same equation but only including
linear Ekman friction, and (iii) with no Ekman effects.
Evidently, the simulations including nonlinear Ekman
corrections simulate the observations in a much more
effective way than just using the conventional linear term.
The increase of R in Figure 7.7a is due to two effects:
lateral friction and nonlinear Ekman terms. Note that the
simulation with linear friction and with no Ekman effects
coincide, which indicates that linear friction does not
contribute to the expansion of the vortex [García Sánchez
and Ochoa, 1995]. The decay of the vortex in Figure 7.7b
is enhanced by nonlinear Ekman terms with respect to
linear damping, as suggested by (7.26).
7.5. SMALL-SCALE EXPERIMENTS O(0.1 M)
Large-scale flows encountered in many environmental situations, such as those in harbors, groyne fields
of rivers, lakes, and estuaries, are often referred to as
“shallow flows.” The shallowness of the flow domain
suggests that vertical motions in such configurations are
generally much smaller than the large-scale horizontal
motions. This anisotropy of shallow flows gives rise to
an interesting and rich phenomenology. Examples are
the meandering of shallow currents and the formation of
larger circulation cells in semi-enclosed basins [see, e.g.,
Jirka, 2001; Jirka and Uijttewaal, 2004].
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7.5.1. Experiments on Shallow-Layer Flows
Flows in shallow fluid layers have been studied quite
intensively in the laboratory by a number of researchers
[e.g., Tabeling et al., 1991; Xia et al., 2009], because they
were assumed to mimick quasi-2D turbulence to a good
approximation. Essentially, the experimental arrangement
consists of a thin layer of electrolytic fluid (salt solution)
contained in a square tank. The fluid depth H (typically
5–10 mm) is chosen much smaller than the horizontal
length scale L (typically 20 cm or more), the shallowness implicitly assumed to result in planar flows with
negligible vertical motions. The fluid is set in motion by
electromagnetic forcing: The combination of an electrical
current running through the fluid between two electrodes
mounted along opposing walls and a magnetic field introduced by one or more magnets underneath the tank bottom results in a Lorentz force that acts on the fluid. For
example, by placing a single disk-shaped magnet underneath the tank bottom, the locally vertically oriented magnetic field, in combination with the horizontal electrical
current, gives rise to a locally horizontal Lorentz force. By
applying an electrical current pulse of short duration, one
may thus generate a dipolar vortex structure that propels
itself in the direction of its axis. By a suitable arrangement
of the magnets, more complicated initial flow conditions
can be created, e.g., colliding dipoles, arrays of dipoles,
and an irregular arrangement of vortex structures, leading
to a turbulent field.
This generation technique has been used to create dipolar vortices that were forced to move over topographic
features such as a sloping bottom or a step in the bottom
[see van Heijst et al., 2012]. Such a situation is observed
in the case of an inhomogeneous obliquely incident breaking wave train on a beach, where two vortices of opposite
circulation are generated [see, e.g., Bühler and Jacobson,
2001]. As a first step to analyze this problem, a single vortex over a linearly sloping bottom may be considered as
being a segment of a larger 3D vortex ring. In this inviscid approach the motion of the vortex is identical to the
self-propulsion speed of the ring, and in the case of a
vortex ring with a uniform vorticity distribution and a circular cross section, it will thus move without change of
shape in a direction parallel to the coast [see Bühler and
Jacobson, 2001]. As a slightly better model, one could take
into account the stretching/squeezing of vortex tubes in
the shallow vortex, according to Kelvin’s circulation theory, leading to changes in its vorticity distribution. This
“modulation” of the vorticity structure implies a shape
change and hence a more complicated motion of the
vortex.
For the case of a vortex pair moving over a sloping bottom toward the coast, one could argue that each vortex
behaves according to the “vortex-ring model” and that

the oppositely signed vortices separate when approaching the coast, subsequently moving away from each other
in opposite directions along the coast. This behavior is
similar to that of two oppositely signed point vortices
approaching a wall [see Lamb, 1932, Section 155.3], the
motion of which is governed by the “image principle.”
Inclusion of viscous effects drastically changes this behavior, as shown in the numerical simulations by Orlandi
[1990] of a 2D dipole structure colliding against a no-slip
wall. The boundary layer formed at this wall contains
vorticity with a sign opposite to that of the neighboring
vortex core. When the dipole moves closer to the wall,
the oppositely signed vorticity is removed by advection
induced by the dipole and moves around the dipole cores,
which leads to a widening of the primary structure, a
splitting of the dipole, and eventually a rebound from
the wall.
The shallow-layer experiments by van Heijst et al. [2012]
have revealed that 3D effects may play a significant role in
shallow flows with bottom topography, for both the dipolar vortex approaching an upward step and the dipole
climbing a linearly sloping bottom. In the case of the
step topography, it was observed that the no-slip sidewall
of the step gives rise to generation of vertical vorticity
ωz , the signature of which is also clearly observed in the
upper parts of the fluid column. As a result, a shield of
oppositely signed vorticity is formed around the dipole,
causing its arrest at the deeper side of the step. Before this
takes place, a portion of the dipole in the upper part of
the fluid column might cross the step, although it decays
quickly because of the shallowness of the fluid layer on
that side. The dipole moving uphill over the sloping bottom experiences a similar effect. The boundary layer at the
no-slip bottom implies the generation of vorticity, that is
strongest in the shallower part of the fluid layer. The vorticity vector pointing locally parallel to the bottom implies
a vertical component ωz that is strongest near the front
of the dipole. This bottom-induced vorticity ωz has a sign
opposite to that of the primary vortex, and its signature is
clearly observed even at the free surface. As in the case of
step topography, the bottom-induced vorticity component
becomes concentrated in a band around the vortex dipole,
which causes its widening and its slowdown, as visible in
the measured flow evolution shown in Figure 7.8.
This exploratory study has revealed that viscous effects,
i.e., no-slip conditions at the nonhorizontal parts of the
bottom, play an important role in shallow flows with
bottom topography. The combination of these viscous
effects and the 3D nature of the bottom topography gives
rise to generation of vorticity (including a vertical component ωz ), which significantly influences the flow evolution. Clearly, such flows cannot be described simply
by the two-dimensional Navier-Stokes equation with an
additional “bottom friction” term.
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Figure 7.8. Experimentally measured flow evolution of a dipolar vortex encountering a weak slope topography with angle α = 3.4◦
(left panels) and a steeper slope with inclination α = 6.8◦ (right panels). Adapted from van Heijst et al. [2012]. The snapshots
are taken at t = 3 s (top) and t = 9 s (bottom). The graphs show the horizontal flow field (vectors) and the ωz vertical vorticity
component (red/blue colors indicate positive/negative values) measured at the free surface. The horizontal black lines indicate
the position of the edge of the slope. For color detail, please see color plate section.
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Detailed 3D flow measurements by Akkermans et al.
[2008a, 2008b, 2010], Cieślik et al. [2009a, 2009b, 2010],
Lacaze et al. [2010] and Sous et al. [2004] on electromagnetically generated vortex structures in a shallow fluid
layer have clearly revealed that such flows are generally
not quasi-2D: Vertical motion is observed to occur
throughout the evolution of the flow. These experimental
observations were confirmed by 3D numerical flow simulations. In the case of a flow field generated by an array of
magnets, large-scale meandering motions were observed
instead of larger coherent vortex structures, that would
emerge when the flow would be (quasi-)2D. This behavior
is attributed to 3D effects: The PIV flow measurements
and the numerical simulations showed that significant vertical motions were present throughout the flow evolution.
Upward motion was mainly observed in areas around
the elliptical points in the horizontal flow field, while
downward motion was concentrated in elongated regions
in strain-dominated parts of the horizontal flow field.
The relation between vertical, secondary motion and the
strain-vorticity characteristics of the primary horizontal
flow field has been analyzed in detail by Kamp [2012].
Background rotation is commonly believed to promote
the two dimensionality of flows by virtue of the TaylorProudman theorem valid for geostrophic motion. In a
recent experimental and numerical study, Duran-Matute
et al. [2012] have investigated the effects of background
rotation on shallow-layer flows for the specific case of an
axisymmetric swirl flow. It was found that two dimensionality was enforced only in extreme cases: for very high
rotation rates and in very shallow fluid layers. In particular, two dimensionality was promoted for the Rossby
number Ro = 0.2 (defined as Ro = ωz /2, with ωz the
axial vorticity of the primary vortex structure), independently of the fluid depth. Shallowness of the fluid layer
only promotes two dimensionality when the layer depth
is small compared to the typical (Ekman) layer thickness.
Duran-Matute et al. [2012] have carried out a systematic
study, and they report on a number of different regimes in
the relevant parameter space.
7.5.2. Scaling Arguments
It is commonly argued that the shallowness of the flow
domain implies that shallow flows are quasi-2D. This
argument is based on the continuity equation: By using
L and H as horizontal and vertical length scales and U
and W as typical horizontal and vertical velocity scales,
respectively, one derives
W
H
U
∼
→ W ∼ U = Uδ,
L
H
L

(7.27)

with δ = H/L the domain aspect ratio. As δ  1 in shallow flows, this would imply that W  U. In a recent study,

Duran-Matute et al. [2010a] demonstrated that a more
subtle scaling argument is appropriate. These authors considered the case of a single axisymmetric shallow vortex
flow, and we will here summarize their analysis. The initial
state is an axisymmetric swirl flow in terms of cylindrical
coordinates (r, θ , z) given by
t=0:

v = (vr , vθ , vz ) = (0, vθ , 0)

(7.28)

with ∂/∂θ = 0. During the subsequent evolution a secondary flow in the (r, z) plane may develop, but it is
assumed that this flow remains axisymmetric. The continuity equation then becomes
∂vz
1 ∂
(rvr ) +
= 0,
(7.29)
r ∂r
∂z
implying that no relation between the primary swirl velocity vθ and the vertical velocity vz can be derived. This is
in contrast to argument (7.27) based on the continuity
equation in Cartesian formulation. Apparently, the scaling ratio vz /vθ must depend on the flow dynamics, which
is governed by the Navier-Stokes equation. The θ component of this equation is essentially an evolution equation
for vθ (with terms containing vr and vz ), and the r and z
components can be combined into an evolution equation
for the azimuthal vorticity ωθ = ∂vr /∂z − ∂vz /∂r, which
describes the secondary circulation in the (r, z) plane. The
latter equation contains the following viscous term:
2ν ∂vθ
ν ∂v2θ
=
vθ
(7.30)
r ∂z
r
∂z
Apparently, a vertical gradient in the primary flow field
vθ implies a nonzero ωθ and hence a secondary flow in
the (r, z) plane. Again, the problem is nondimensionalized
by adopting the length scales L and H and the velocity
scales U and W . In the nondimensional equations for vθ
and ωθ the aspect ratio δ and the Reynolds number Re =
UL/ν now appear as dimensionless quantities. Under the
assumption of a shallow layer, i.e., δ  1, the flow quantities were expanded in powers of δ. It was shown that the
radial and vertical velocities scale as
vz
vr
= O(Re δ 2 ),
= O(Re δ 3 ).
(7.31)
vθ
vθ
This scaling is in remarkable contrast to the commonly
adopted scaling (7.27) based on the continuity equation.
Duran-Matute et al. [2010a] have performed 3D numerical
simulations of a decaying Lamb-Oseen vortex and compared these with the analytical solution for the case of
zero secondary circulation (i.e., ωθ = 0). Good agreement
between the analytical and numerical results was found for
δRe1/2 ≤ 3 and δRe1/3 ≤ 1. For these values of δRe1/2 and
δRe1/3 the shallow swirling flow can hence be considered
as quasi-2D.
In a separate study Duran-matute et al. [2010b] have
analyzed the evolution of decaying dipolar vortices in
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a shallow fluid layer, both numerically and experimentally. By quantifying the magnitude of the vertical motion
and the (nonzero) horizontal divergence with respect to
the primary swirling motion in the vortex cores, they
found that the three dimensionality of the shallow (δ  1)
dipolar vortex flow depends on the quantity Reδ 2 . Three
different regimes could be distinguished: (i) a quasi-2D
regime for Reδ 2 ≤ 6, in which the flow is dominated by
viscous effects. In this case the secondary flow is negligibly small; (ii) a transitional regime for 6 ≤ Reδ 2 ≤ 15, in
which secondary motion inside the dipole can be observed
as well as a spanwise circulation cell in front of the
translating dipole. These 3D effects are rather weak, however, and they do not seriously affect the primary dipole
flow; (iii) a 3D regime for Reδ 2 ≥ 15, in which the principal dipole flow is seriously affected by the secondary
motions.
The flow behavior was examined for different initial
conditions, but these resulted in rather marginal differences in the Reδ 2 values of the transitional regime. The
agreement found between the experiments and the numerical simulations underline the conclusion that the quantity
Reδ 2 is the crucial parameter characterizing the decaying dipole flow. As this quantity is apparently the relevant
parameter in describing the two basic, generic flow structures (monopolar and dipolar flows), it is anticipated that
it is also the crucial parameter characterizing the three
dimensionalization of other types of shallow flows.

7.6. CONCLUDING REMARKS
We have described laboratory experiments on flows over
bottom topography in arrangements of different scales,
ranging from rotating fluid containers of more than 10 m
in diameter to fluid layers of a few millimeters in thickness. The choice of the spatial dimensions depends on the
particular aspects of the flow that one is interested in and
also on the measurement resolution that one wishes to
achieve. As has been discussed, the dimensions of different experimental facilities may imply different advantages
and disadvantages. For example, nonrotating shallowlayer experiments with electromagnetic forcing in a thin
layer of electrolyte are characterized by a relatively high
damping rate, which puts a serious limitation on the usefulness of such a setup. In addition, recent experiments
have revealed that the fluid shallowness does not guarantee the two dimensionality of the flow, and a more careful
scaling argument is required. On the other hand, largescale rotating experiments are often less easy to run (and
far more expensive) than the medium-scale O(1 m) experiments, just because of their size. In any case, mediumand large-scale facilities are ideal to study the effects of
variable topography.

Acknowledgments. The authors gratefully acknowledge their colleagues and former Ph.D. students for
numerous fruitful discussions throughout the years:
Leon Kamp, Herman Clercx, Ruben Trieling, Rinie
Akkermans, Matias Duran-Matute, Andrzej Cieślik, Ron
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