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Abstract This paper deals with the dynamics of two or more toroidal filamentary
vortices—i.e. thin tubular vortices coiled on an immaterial torus—in an otherwise
quiescent, ideal fluid. If the vortices are identical and equally spaced on a
meridional section of the torus, the flow evolution depends on the torus aspect ratio
(r1=r0; where r0 is the radius of the centreline and r1 is the radius of the cross
section), the number of vortices (N), and the vortex topology (Vp;q; denoting a
vortex that winds p times round the torus symmetry axis and q times round the
torus centreline). The evolution of sets of NV1;2 vortices was computed using the
Rosenhead–Moore approximation to the Biot–Savart law to evaluate the velocity
field and a fourth-order Runge–Kutta scheme to advance in time. It was found that
when a small number of vortices is coiled on a thin torus the system progressed
along and rotated around the torus symmetry axis in an almost steady manner, with
each vortex approximately preserving its shape.

1 Introduction

Ring vortices move through the surrounding fluid along a straight line while
preserving their shape. They have the important dynamic property of transporting
mass and momentum in an efficient manner. This kind of vortices can be observed
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at a variety of scales, from the drops falling in a quiescent liquid to the exhalations
of volcanoes.

Kelvin (1875), motivated by his desire to construct a theory of matter based
on the vortex atom, started the study of elaborate variations of the ring vortex,
namely, toroidal vortices. These are tubular vortices coiled on the surface of a
torus; according to Kelvin (1875), they are steady and stable if sufficiently thin.
This hypothesis has been confirmed numerically in the case of a single vortex
(Ricca et al. 1999; Velasco Fuentes 2010). Thomson (1883), also motivated by
the misguided theory of the vortex atom, studied the motion of multiple
toroidal vortices which are mutually linked. By considering the limiting case of
infinitely thin vortices lying on the surface of a torus of infinite aperture
radius as compared with its cross-section radius, Thomson (1883) obtained his
celebrated result about the stability of a regular polygon of N point vortices
when N� 6:

The purpose of this paper is to present results about Kelvin original problem.
That is to say, the motion of a system of linked vortices coiled on the surface of a
torus of finite aspect ratio. In particular we present results about the vortices’
uniformity of motion and permanence of form.

2 Methods

In the initial condition N filamentary vortices of equal strength, C; lie on the
surface of an immaterial torus of radius r0 and cross-section pr2

1 (see Fig. 1).
They are uniformly coiled on the torus in such a way that, before closing on itself,
each vortex Vp;q winds p times around the torus’ symmetry axis and q times around
the torus’ centreline. Furthermore, they intersect any meridional section of the
torus on the vertices of a regular polygon.

Fig. 1 Two linked vortices
represented by light and dark
grey tubes. Each vortex is
uniformly coiled on the
surface of an immaterial torus
of radii r0 (centreline) and r1

(cross section)
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Therefore each vortex is given, in Cartesian coordinates, as follows:

xi ¼ ðr0 þ r1 cos /Þ cos h;

yi ¼ ðr0 þ r1 cos /Þ sin h;

zi ¼ r1 sin /:

where i ¼ 1; . . .;N denotes the vortex being described, h ¼ ps is the angle around
the torus’ symmetry axis, / ¼ qs� 2ðN � iÞp=N is the angle around the torus’
centreline, and s is a real number in the range ð0; 2pÞ:

We assume that the vortices evolve in an inviscid, incompressible, homoge-
neous fluid which is unbounded and acted on by conservative forces only.
Therefore we compute the induced velocities with the Rosenhead–Moore
approximation to the Biot–Savart law (see Saffman 1995):

uðxÞ ¼ �C
4p

X
i

I ½x� riðsÞ� � ds

jx� riðsÞj2 þ l2a2
� �3=2

; ð1Þ

where x is the point in space where the induced velocity is computed, riðsÞ denotes
the position along the ith filament, a is the radius of the filaments’ cross sections and
l is a constant with value e�3=4: The use of the Rosenhead–Moore approximation
implies that the vortices are no longer infinitely thin: they now have a small but finite
cross section. This, however, is assumed to be undeformable. The value of l depends
on the vorticity distribution across the vortex; the particular value used here corre-
sponds to uniform vorticity on the vortex cross section (Saffman 1995).

The numerical computation of Eq. 1 requires the discretization of the vortices.
Therefore each filament is represented by a finite number of material markers, say
n, whose value depends on a and the filaments’s length L. We found that for
n � 2L=a the speed of a circular ring is computed within 0:5 % of the analytical
value (see Eq. 2). We assume the same criterion to represent a toroidal vortex and
thus n varies in the range 300–500 in the simulations discussed here. Once chosen,
the value of n remains constant during the evolution because the filaments
approximately preserve their length.

We use a fourth-order Runge–Kutta scheme with fixed time step to integrate the
evolution equation

dxk

dt
¼ uðxkÞ;

where xk is the position of the node and uðxkÞ is its velocity, computed with Eq. 1.
Note that k runs through all nodes (j ¼ 1; . . .; n) of all filaments (i ¼ 1; . . .;N).

3 Steadiness of Motion

A typical example of the motion of a system of linked toroidal vortices is shown in
Fig. 2. The motion of the vortices may be divided into the following three com-
ponents: (a) progression along the torus’ symmetry axis, (b) rotation around the
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torus symmetry axis, and (c) rotation around the torus’ centreline. Since all of
these components are approximately uniform (see Fig. 3), each will be charac-
terised by a constant speed, respectively U, X1; and X2:

The speed U grows proportionally with the number of vortices N and decreases
marginally with growing aspect ratio r1=r0 (Fig. 4a). This behaviour is explained
as follows: since r1=r0\\1 the progression speed behaves as if there was a single
ring with circulation NC instead of N rings with circulation C: In the parameter

Fig. 2 Time evolution of the
set of vortices 2V1;2 with
aspect ratio r1=r0 ¼ 0:1:
A frontal view of the vortices
(left column) shows the
rotation of the set around the
torus’ symmetry axis
(represented here by a cross);
a lateral view (right column)
shows the progression of the
set along the same axis
(represented here by a
straight line). The stages
depicted are the following:
(a) t ¼ 0; (b) t ¼ 0:23T ;
(c) t ¼ 0:46T ; (d) t ¼ 0:69T ;
where T is the time required
by a ring vortex of radius r0

and cross section pa2 to
advance a distance equal to r0

(Eq. 2)
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region presented in the figure U � 0:74NU0; where U0 is the speed of a circular
ring of strength C and radius r0 Kelvin (1867):

U0 ¼
C

4pr0
log

8r0

a
� 1

4

� �
ð2Þ

The angular speed X1 grows proportionally with the number of vortices N and
increases marginally with growing aspect ratio r1=r0 (Fig. 4b). An analogy with
the motion of a set of straight helical vortices explains this behaviour: these
progress uniformly along their axis with a speed that increases as the number of
vortices increases (Wood and Boersma 2001). Similarly, the uniform progression
of toroidal helical vortices along the torus’ azimuthal direction increases in speed
with increasing N.

The angular speed X2 increases with N and decreases with r1=r0 (Fig. 4c). This
behaviour is explained as follows: since the vortices are thin and r1=r0 � 1 they
can be locally considered as being straight, that is to say, as a set of point vortices
on a plane. In the parameter region shown in the figure X2 � 0:94 X0; where X0 is
the angular speed of a set of N point vortices of circulation C placed on the vertices
of a regular polygon inscribed in a circle of radius r1 (Thomson 1883):

X0 ¼ ðN � 1Þ C
4pr1

2
ð3Þ

The combination of the rotations X1 and X2; which involve material elements,
gives rise to a rotation of the vortex shape around the torus’ symmetry axis. This
travelling wave has a phase angular speed, X3; which is approximately equal to
X2=2: The rotating wave is particularly important because the vortex is quasi-
steady (i.e. almost stationary and of fixed shape) when observed in a system that
translates with speed U and rotates with angular speed X3: This fact has been
fruitfully applied in the study of advection and transport by toroidal vortices (see
Velasco Fuentes 2010; Velasco Fuentes and Romero Arteaga 2011).

Fig. 3 Uniformity of the
vortex motion as shown by
the linear displacement along
the symmetry axis (Z), the
material angular
displacement round the
symmetry axis (h1) the
material angular
displacement round the torus
centreline (/) the phase
angular displacement round
the symmetry axis (h2)
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4 Permanence of Form

We applied several diagnostics to test whether or not the vortices preserve their
shape throughout the flow evolution. The simplest one was the time evolution of
the vortex length (Fig. 5a). This was observed to vary within 5% of its initial value
in the region of the parameter space studied here (2�N � 5; 0:1� r1=r0� 0:16).

A second diagnostic consisted in finding the torus that best fitted the vortices at
every stage of the flow evolution. For symmetry reasons we assumed that the
fitting tori would have the same symmetry axis as the initial one, therefore each
fitting torus is uniquely determined by the radii r0ðtÞ and r1ðtÞ: The value of r0ðtÞ
was found to remain within 1% of its initial value, whereas the value of r1ðtÞ was
found to remain within 5% of its initial value (Fig. 5a).

(a) (b)

(c) (d)

Fig. 4 Properties of the vortex motion as functions of the number of linked vortices (N) and the
torus aspect ratio (r1=r0:) a Linear speed (U), b Material angular speed round the symmetry axis
(X1;) c Material angular speed round the centreline (X2;) d Phase angular speed round the
symmetry axis (X3)
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5 Concluding Remarks

Sets of linked toroidal vortices with topology V1;2 uniformly progress along
and rotate around the torus’ symmetry axis. The vortices’ shapes of the sets 2V1;2

and 3V1;2 are approximately preserved when the aspect ratio r1=r0\0:17:
The vortices’ shapes of the sets 4V1;2 and 5V1;2 are approximately preserved when
the aspect ratio r1=r0\0:13:
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Fig. 5 Variation of the vortex shape for the set 2V1;2 as illustrated by the time evolution of the
following parameters: a the length of the vortices, and b the cross-sectional radius of the best-
fitting torus (see text). Each curve represents a different initial value of the torus aspect ratio; this
is, from thicker to thinner line, r1=r0 ¼ 0:10; 0:12; 0:14; and 0:16
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