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a b s t r a c t

This paper reports on a numerical study of the interaction of a pair of orthogonal cylindrical vortices.
The vortices have equal radii and vorticity distributions, which are chosen to be either uniform or
parabolic, and are initially located at various distances. A vortex-in-cell model simulates the flow
evolution in a triply periodic cube; the model contains no viscous terms but it introduces a small
numerical viscosity (equivalent to Re > 15000). It was found that the time at which the reconnection
starts significantly increased with the initial distance between the vortices; in contrast, the reconnection
lasted approximately 3/4 of the eddy turnover time for all initial distances and the two vorticity profiles
considered in this study. This confirms that the reconnection is a convective process made possible by
even the weakest viscosity.

© 2016 Elsevier Masson SAS. All rights reserved.
1. Introduction

Vortex reconnection is an essential process of the three-
dimensional interaction of vortex structureswhich, in the presence
of viscosity, may undergo topological changes [1]. This process has
raised considerable interest from the points of view of physics
as well as engineering. In physics, because it is believed that
understanding reconnection will help elucidate the behaviour of
turbulent flows, which are viewed as a tangle of filamentary
vortices in continuous interaction [2,3]. In engineering because it
will be a key tool for fluid control, which will allow, for instance,
the design ofmore efficient and safer airplanes [4]. The significance
of vortex reconnection has extended beyond classical physics
and entered into the realm of quantum physics, where its study
in superfluid liquid helium has improved, by comparison and
contrasting of similitudes anddifferences, the understanding of the
process in the classical setting [5].

Early observations of vortex reconnection were reported,
without using this term, in 1829 and 1901; they weremade during
experiments on the interaction of two nearby ring vortices moving
in the same direction [6]. The subject, however, only became
an active area of research after Crow [7] theoretically explained
the initial stages of the reconnection of vortices trailing from
airplanes’ wings observed and recorded in test flights during the
1950’s. The systematic study of reconnection through laboratory
experiments started soon afterwards. An example is the successive
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reconnections that occur during the oblique collision of equal ring
vortices [8–10].

Numerical simulations offer the advantage of allowing the
accurate prescription of any desired initial condition and full
knowledge of all physical quantities involved in the process. For
example, Ashurst andMeiron [11] simulated the interaction of ring
vortices that initially move in approximately parallel directions
and obtained a reconnection similar to that observed in laboratory
experiments by Schatzle [12]. They observed that the low pressure
that develops between the vortices deforms the initially circular
rings and induces the reorganization of the vorticity.

Most significant among computational studies are those deal-
ing with the interaction of antiparallel tubular vortices. Melander
and Hussain [13] found that the reconnection time TR increases
with decreasing Reynolds number, without specifying the func-
tional form of this decay or the range of Reynolds numbers they
tested. Shelley et al. [14], using vortices which were in contact ini-
tially, found that TR ∼ Re−1/5 in the range 500 < Re < 1200 and
then it is almost constant for 1500 < Re < 3500. Hussain and
Duraisamy [4], using vortices which were not in contact initially,
found that TR ∼ Re−3/4 in the range 250 < Re < 9000. These simu-
lations are characterized by having a symmetrical initial condition.
This is a simple condition that still captures some essential features
of the reconnection; experimental studies, however, have demon-
strated that reconnection also occurs under asymmetrical condi-
tions [15]. Furthermore, we do not expect that in a turbulent flow
the interactions would occur between antiparallel vortices only.
Because of this, here we study the behaviour of two equal cylin-
drical vortices whose axes are initially located at a right angle. This
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problem has received considerable less attention than the interac-
tion of antiparallel vortices [16,17]. Our objective is to describe the
process and how it is affected by the initial distance between the
vortices and the distribution of vorticity in the core.

The rest of this paper is organized as follows. Section 2
contains a brief description of the numerical method used to
solve Helmholtz’ vorticity equation. In Section 3 we present
numerical results for two vorticity profiles and various initial
interaxial distances. Section 4 contains the analysis of the
diagnostic variables, circulation and enstrophy, andwepresent our
conclusions in Section 5.

2. Numerical model

2.1. Vortex-in-cell method

Weconsider the evolution of an inviscid, incompressible fluid of
uniformdensity. This is governed byHelmholtz’ vorticity equation:

Dω

Dt
= (ω · ∇)u. (1)

We solve this equation numerically using the three-dimensional
vortex-in-cell method. A brief summary of the method is given
below, for a more detailed presentation see, e.g., [18,19]. First
the continuous vorticity field is discretized as a set of N labelled
particles, each with a vorticity ωn. Every vorticity particle is
identified by its position xn and its motion is given by the solution
of
Dx
Dt

= u. (2)

According to the first of Helmholtz’ laws of vortex motion, only
particles with vorticity at the initial time have non-zero vorticity
at subsequent times. Therefore, the set of N functions xn and ωn
give a complete description of the evolution of the vorticity field.
Thus, in order to determine the flow, it is necessary to integrate
Eqs. (1) and (2) for each particle. This requires knowledge of the
velocity field u and its derivatives, which can be readily obtained
from the vector potential A, whose existence is guaranteed by the
incompressibility condition (∇ · u = 0). A is implicitly defined by

u = ∇ × A. (3)

Assuming that A is solenoidal, its relation with the vorticity is
found to be

∇
2A = −ω. (4)

In order to solve this Poisson equation we interpolate the vorticity
of each particle on a regular grid of uniform cells using a second-
order interpolator and solve (4) using a complex fast Fourier
transform in three dimensions provided by Oracle Solaris Studio
and based on the public domain set of subroutines FFTPACK.

Once we have u and its derivatives on the grid, we interpolate
them back to the particles using the same second-order interpo-
lator. Finally, we integrate Eqs. (1) and (2) using a fourth-order
Runge–Kutta method.

The model is nominally inviscid but the numerical algorithm
introduces an effective viscosity, mainly through the back-and-
forth interpolation between the particles and the grid. This
viscosity may be estimated by the formula (see, e.g., [20]):

νeff (t) = −
1

2S(t)
dE(t)
dt

where

S(t) =


ω(x, t) · ω(x, t)dV ,

E(t) =
1
2


u(x, t) · u(x, t)dV
are, respectively, the instantaneous enstrophy and energy of the
flow. The effective Reynolds number is thus Reeff = Γ /νeff , where
Γ is the circulation of the vortices. Note that both νeff and Reeff
are time-varying quantities that depend on the vorticity field and
the numerical method being used. In the simulations reported in
this paper 15 000 < Reeff < 45 000, with an average value
Reeff ≈ 20 000. This means that the effective viscosity is too low
to cause significant modification of the vorticity profile in the time
scales considered here; it is, however, different from zero and thus
enough to enable the reconnection of vorticity lines.

To validate the model we simulated three problems of increas-
ing degree of complexity using spatial and temporal resolutions
similar to those used in the present study. (1) A thin ring vortex
of constant ω/r preserved its shape and moved with a constant
speed which was within 2 % of the analytical value obtained by
Kelvin. (2) Two equal and parallel Rankine vortices coalesced into a
single vortex when their initial, dimensionless separation was 3.2,
which is just below the critical distance for merger (3.3, see [21]);
in contrast, they pulsated and rotated around each other when it
was 3.5, just above the critical distance for filamentation (3.4, see
[21]). (3) Two curved antiparallel vortices broke and reconnected
as observed in previous studies using pseudospectral and vortex
methods [14,22,23]. The evolution of integral quantities like cir-
culation and enstrophy, essential in timing the events of the re-
connection process, was well reproduced by our model. To make a
quantitative comparisonwe used the reconnection time as defined
by Shelley et al., [14]: the time when the circulation in a normal
plane decreases to half its initial value. Our results arewithin 3% for
vortices that are initially in contactwith each other [14] andwithin
4 % for vortices that are initially separated from each other [23].

2.2. Initial conditions

The initial condition is that of two cylindrical vortices of equal
radius and vorticity distribution, one being parallel to the x axis
and one parallel to the z axis (see Fig. 1 for T ∗

= 0). The vorticity
profile of each vortex is given by

ω =

ω0


1 −

 r
a

n
for r < a

0 for r > a
(5)

where r is the distance to the vortex axis, ω0 is the peak vorticity,
reached at the vortex axis, and a is the radius of the cylinder
where the vorticity is different from zero. We consider two
cases: (a) uniform vorticity (n → ∞), also known as Rankine
vortex, (b) parabolic vorticity profile (n = 2). Every tubular
vortex is represented by 289 vortex filaments and each vortex
filament is represented by 178 vortex particles; each vortex is thus
represented by N = 51 442 particles.

The flow domain is a cube of side l = 2π which is discretized
with a grid of 1283 points. Thepeak vorticity is chosen to beω0 = 1,
and the radius of the cylinders is a = 0.3. With this aspect ratio,
a/l ≈ 0.048, the effect of the periodic boundaries is negligible:
with an even smaller value (a/l ≈ 0.032, equivalent to having
a larger domain) the reconnection time TR decreased only 1 %,
whereas with a larger one (a/l ≈ 0.072, equivalent to having a
smaller domain) TR increased 14 %.

The vortices are initially located at interaxial distances, d, that
vary from 2a (when the vortices touch each other’s boundaries)
to 4a. The vortex radius, R, is defined as the radius where the
maximum velocity is reached; therefore R = a for vortices with
uniform vorticity and R ≈ 0.81a for vortices with parabolic
vorticity profile. The dimensionless time is given in terms of the
eddy turnover time T ∗ which is 4π/ω0 for a uniform vortex and
∼ 6π/ω0 for a parabolic vortex.
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Fig. 1. Evolution of two orthogonal Rankine vortices that initially touch each other (the interaxial distance is d/R = 2). The vortices are represented by the iso-surface with
vorticity ω = 0.4ω0 .
3. Results

3.1. Touching vortices

We call ‘‘touching vortices’’ those that are initially in contact;
for vorticeswith uniformvorticity this occurswhen their interaxial
distance d/R = 2, as the first frame of Fig. 1 shows. The rest of the
frames show subsequent stages in the flow evolution, particularly
those around the reconnection event. At time T ∗

= 0 we can see
two straight vortices, one being parallel to the x axis and the other
parallel to the z axis. Because of the mutual advection the vortices
immediately begin to deform; soon each vortex ejects a hook that
embraces the other vortex, as can be observed at T ∗

= 1.
These vorticity hooks, sometimes also called fingers, have been

reported by Boratav et al. [17] only when the vortices touch each
other in the initial condition. Another important characteristic
of these hooks is that they appear only when the vortices are
orthogonal.

In the interval 1.34 < T ∗ < 1.75 the vortices are deformed
until theirmiddle parts are antiparallel to each other and the hooks
are intensified and wrapped around the vortices. The vortices
break and reconnect in the interval 1.75 < T ∗ < 2.05; the hooks
seem to be the agents that break the original vortices to allow for
the subsequent reconnection of the vortex tubes: the upper part
of the z-vortex connects to the rear part of the x-vortex, while the
lower part of the z-vortex connects to the front part of the x-vortex.
After the reconnection is completed the new vortices start to drift
apart as a result of their mutual advection (2.05 < T ∗ < 3).
The bridge that joins the new vortices dissipates as these drift
away from each other. Fig. 1 shows that the original vortices are
antiparallel and get in contact at T ∗

≈ 1.34, and that the new
vortices start to separate at T ∗

≈ 2.05; therefore the reconnection
process lasts about 0.7 time units.

The plane Σ , defined by x = 13π/16 and thus slightly off-
centre, was found to be convenient for the analysis of the flow
evolution because it captures the anti-parallel configuration at
the start of the reconnection. We monitor the magnitude of the
vorticity normal to this plane (ωx, Fig. 2) and the corresponding
area integral (Γ =


ωxdA, Fig. 4(A)). Fig. 2 shows that at time

T ∗
= 0 there is positive vorticity only, all of it belonging to the

x-vortex; Fig. 4 shows that at this time Γx has its maximum value.
By time T ∗

= 1 the core is deformed and has moved to the left
of the picture; the hooks described above are also clearly visible
at this stage. This is accompanied by a loss of 8% of the value of
Γx; the important change of the circulation, however, occurs after
time T ∗

= 1.3 (see Fig. 4(A)). At time T ∗
= 1.34 the vorticity

contours show the formation of a dipolar structure that decreases
the initial circulation by 10%. This structure increases its intensity
and translates itself in the interval 1.34 < T ∗ < 2.05. At the end
of this interval Γx has lost 90% of its initial value. After T ∗

= 2.05
the dipolar structure weakens until it practically disappears; this
can be seen both in the vorticity contours and the time evolution
of Γx. This behaviour is the consequence of the separation of the
new, reconnected vortices.

Fig. 4(A) shows also a straight, dotted line which has been fitted
to the curve in the time interval when Γx shows a linear decay. A
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Fig. 2. Evolution of the x-component of vorticity (ωx) for the vortices of Fig. 1. The frames show the region of the y−z plane, defined by x = 13π/16, where the reconnection
takes place.
Fig. 3. Evolution of two orthogonal Ranking vortices that are separated initially (the interaxial distance is d/R = 3). The vortices are represented by the iso-surface with
vorticity ω = 0.4ω0 .
similar line has been used byMelander andHussain [13] to identify
the time interval when the reconnection occurs. They define the
intersection of this line with the line Γx/Γx0 = 1 as the time Ti
when reconnection begins; similarly, we define the intersection of
the line with the line Γx = 0 as the time Tf when the reconnection
process is completed. The times we obtain for this particular case
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Fig. 4. Left column: circulation measured on the plane Σ (x = 13π/16) for various initial interaxial distances d/R and for vortices of uniform vorticity (top panel) and
parabolic vorticity (bottom panel). Right column: Time evolution of the integrated enstrophy for various initial interaxial distances d/R and for vortices of uniform vorticity
(top panel) and parabolic vorticity (bottom panel).
are Ti = 1.34 and Tf = 2.05, thus the reconnection process lasts
∆ = Tf − Ti = 0.71 time units, which is in excellent agreement
with the time obtained from the visual analysis of the vorticity field
(Fig. 1).

Vortices with a parabolic vorticity profile touch each other in
the initial condition when their interaxial distance d/R ≈ 2.47,
because the vortex radius, R, is smaller than the radius of vortical
fluid, a. Their behaviour, however, is essentially the same as the
one just described for vortices of uniform vorticity. The vortices are
distorted andhooks are formeduntil the tubes reach an antiparallel
alignment; then the vortices reconnect and start to drift apart. The
major difference is the timing of the events: these occur later but
the reconnection itself is a little faster. The times are Ti = 1.67
and Tf = 2.34, i.e., there is a delay of about 0.3 time units with
respect to vortices of uniform vorticity. The reconnection process,
however, lasts a little less: ∆ = 0.67, i.e., there is a reduction of
5.6%.

3.2. Separated vortices

We call ‘‘separated vortices’’ those that are not initially in
contact, i.e., those with interaxial distances d/R > 2 for vortices
of uniform vorticity, and d/R > 2.47 for vortices of parabolic
vorticity. Themost important consequence of the increase in initial
interaxial distance is the weakening of the hooks formed during
the early stages of the interaction. As a matter of fact, the hooks
disappear for initial distances d/R = 3 for vortices with uniform
vorticity profiles, as seen in Fig. 3. At time T ∗

= 2 there is no
evidence of hooks, the middle part of the vortices have almost
reached an antiparallel configuration but the vortices are not yet
in contact. This occurs at around T ∗

= 2.75, when the breaking
of the original vortices starts; by T ∗

= 3.5 the reconnection is
completed and the new vortices start to drift apart. Note that these
two events occur considerably later than in the case of touching
vortices—they take about twice the time. The lapse between them,
however, is approximately the same. In general, the starting time
of the reconnection increases as the initial interaxial distance
of the vortices increases. Another difference is that the bridge
that appears between the new vortices after the reconnection is
thinner and weaker as the initial interaxial distance of the vortices
increases (compare, for example, the last frames of Figs. 1 and 3).
The bridges, however, did not vanish, even at the largest distance
used in this paper. A similar behaviour is observed for vorticeswith
parabolic vorticity profile but in this case the hooks disappear for
initial distances d/R ≈ 3.67.

4. Circulation and enstrophy

Fig. 4 shows, for vortices with uniform and parabolic vorticity
(frames A and B, respectively), the circulation evaluated on a plane
perpendicular to the x-axis in the region where the reconnection
takes place. The circulation has the same qualitative behaviour
for the two profiles and all the initial interaxial distances used
here. This is characterized by a slow decay until T ∗

≈ Ti, when
the reconnection begins; then a fast and almost linear decay until
T ∗

≈ Tf , when the reconnection is completed. In later times there
is again a slow decay until an almost zero circulation is reached.

The difference between the various initial conditions is simply
a shift in the values of Ti and Tf : as the initial interaxial distance
increases both Ti and Tf increase, but the time span ∆ = Tf − Ti
remains approximately constant. A shift is also producedwhen the
vorticity profile of the vortex is changed fromuniform to parabolic;
in the latter case the times Ti and Tf are higher than those of the
former case.

Fig. 4 also shows the evolution of the enstrophy for vortices
with uniform and parabolic vorticity (frames C and B, respectively)
and for the nine interaxial distances used in this paper. In all cases
the enstrophy grows initially: the duration of this stage increases
as the initial interaxial distance increases; the rate of growth,
on the contrary, decreases. The enstrophy always reaches a local
maximum during the reconnection process, i.e., at a time Ti <
TR < Tf ; because its rate of change is associated with the rate of
stretching undergone by the vortex filaments [24]. It is denoted
TR because a visual inspection of the evolution of the vorticity
field indicates that the vortices reconnect when the enstrophy
maximum is reached. The behaviour of the enstrophy confirms that
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Fig. 5. Occurrence times of events during the interaction of orthogonal vortices as
functions of the initial interaxial distance (d/R) and the vorticity profile (thin lines:
uniform; thick lines: parabolic). The times shown correspond to onset (Ti , squares),
completion (Tf , diamonds), culmination (TR , circles), and the time span (∆, dashed
lines) of the reconnection.

vortices that are initially more separated undergo a more intense
stretching.

Fig. 5 shows Ti, Tf , ∆ and TR as functions of the vorticity profile
and the initial interaxial distance. It is clear that all events are
delayed as the initial distance between the vortices increases. The
growth of Ti, Tf and TR is larger for vortices with parabolic profile.
The reconnection process lasts longer for Rankine vortices (∆ ≈

0.8) than for vortices with parabolic profile (∆ ≈ 0.7), but ∆ is
almost independent of the initial interaxial distance between the
vortices: the largest variations for both profiles are about 5 %.

5. Conclusions

Some aspects of the interaction of two orthogonal vortices de-
pend on the vorticity distribution and the initial distance between
the vortices. Vorticity hooks form at the beginning of the recon-
nection only if the vortices are close enough in the initial condition
(d/R < 3 for Rankine vortices; d/R < 3.67 for parabolic-profile
vortices), whereas vorticity bridges are always observed after the
reconnection but they are weaker for larger initial distances.

In contrast, the most important element of the interaction
– the reconnection – varies little with the vorticity profile or
the initial distance between the vortices. Thus the time span of
the reconnection, ∆, is always about three quarters of the eddy
turnover time. This confirms that the reconnection is a convective
process made possible by even the weakest viscosity.
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