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Evolution of a Lamb quadrupolar vortex
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Abstract

The Lamb vortices are stationary solutions of the Euler equations in two dimensions. The well-known dipolar vortex is
the simplest of these structures; the quadrupolar vortex, formed by four counter rotating vortices within a circular region
and a linear strain ow in the exterior, is second in increasing order of complexity. Here the evolution of a perturbed
Lamb quadrupolar vortex is studied numerically. It is found that the vortex survives as a quadrupolar structure when the
perturbed structure preserves the reection symmetry with respect to each strain axis. In contrast, the vortex either survives
or is destroyed when the perturbed state preserves only one reection symmetry, depending on which axis remains as a
symmetry line. Finally, the vortex is always destroyed when the perturbed state loses the two reection symmetries of the
original quadrupole. c© 2000 The Japan Society of Fluid Mechanics and Elsevier Science B.V. All rights reserved.
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1. Introduction

The dynamics of two-dimensional ows has raised considerable interest in recent decades because
of its potential applications in large-scale atmospheric and oceanic dynamics. In addition, it has also
been a source of fundamental problems since the 19th century. In particular, the dynamics of isolated
regions of distributed vorticity in an inviscid uid has attracted the attention of investigators ever
since. Among the �rst exact solutions (with no circular symmetry) we have the following: (a) the
Kirchho� vortex, which is an elliptical patch of uniform vorticity that rotates at a constant rate;
and (b) the Lamb dipolar vortex, which is a circular patch of distributed vorticity with zero net
circulation translating steadily along a straight line.
Lamb briey described the dipolar vortex in his treatise Hydrodynamics (1932), where he also

pointed out the existence of a family of vortex solutions of increasing complexity. These Lamb
vortices are circular structures divided in an even number of sectors with vorticity of alternating sign,
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surrounded by a potential ow. At about the same time, Chaplyguin (1903) (quoted by Meleshko and
van Heijst, 1994) independently found a family of dipolar solutions which are circular and translate
steadily along a straight line. These Chaplyguin dipoles have an asymmetric vorticity distribution
but their total circulation is zero. In the limit of vanishing asymmetry, Chaplyguin’s solutions reduce
to the Lamb dipolar vortex. More recently, Flierl et al. (1983) found yet another family of dipolar
vortices (referred here as FSW dipoles). The FSW dipoles are also circular but their total circulation
is not zero; consequently, they travel along a circular path. In the limit of zero net circulation these
vortices reduce to the Lamb dipolar vortex too.
Dipolar vortices which strongly resemble the Lamb solution have been observed in a variety of

experimental circumstances, including soap �lms, mercury layers, density strati�ed uids, and rotating
uids (Couder and Basdevant, 1986; Nguyen Duc and Sommeria, 1988; Fl�or and van Heijst, 1993;
Velasco Fuentes and van Heijst, 1994). These laboratory experiments, as well as many numerical
studies, show that the steadily-translating, shape-preserving dipolar vortex is stable. Similarly, the
experiments with dipolar vortices in rotating uids by Flierl et al. (1983) and Velasco Fuentes and
van Heijst (1994) show that the asymmetric dipole travelling along a curved path is stable too. In
contrast, no observations of strongly asymmetric dipoles travelling along a straight line have been
reported yet; besides, some numerical simulations suggest that the Chaplyguin dipoles are unstable
(Meleshko and van Heijst, 1994).
The stable, ubiquitous Lamb dipolar vortex is thus the common limiting case of three families

of vortices: The FSW family, which is formed by stable dipoles; the Chaplyguin family, which is
formed by unstable dipoles; and the Lamb family, which is formed by multipolar vortices whose
stability is not known. Therefore the determination of the stability of the Lamb quadrupole, second
member of the family of Lamb vortices, is one of the motivations of the present study.
The classical analytical tools for the study of hydrodynamic stability (such as spectral and energy

methods) have not been used because of the following reasons. The stability may be di�cult to
prove using the method of Arnol’d (1969) because the functional relation between vorticity (!) and
stream function ( ) is not single valued, which implies that one must keep track of the boundary
between the ow regions corresponding to each branch of the !– plot (McIntyre and Shepherd,
1987); and also because the domain is unbounded and |u| → ∞ as r → ∞. Besides, Arnol’d’s
theorems give conditions for stability which are su�cient but not necessary; i.e., the violation of the
theorems’ conditions does not mean that the ow is unstable. Even worse is the fact that a ow could
be stable with respect to one norm but unstable with respect to another. The di�culty in performing
a spectral analysis is the lack of variables separation of the normal-mode equations owing to the
geometry of the quadrupolar vortex. In contrast to Arnol’d’s method, the spectral analysis provides
su�cient conditions for instability (Holm et al., 1985) but, of course, the violation of the conditions
does not imply that the ow is stable.
A numerical method has therefore been used to determine the stability=instability of the Lamb

quadrupolar vortex. Stability cannot, of course, be de�nitely established using numerical simulations;
instability, on the other hand, can be established if one identi�es at least one unstable ‘mode’. Here
this is the symmetry-breaking perturbation of Section 3.4. The use of a numerical model was required
because another purpose of this study is to determine the evolution of the quadrupolar vortex under
a given perturbation. This is an important issue for both unstable and stable ows, because even
in the latter case the ow can undergo signi�cant irreversible changes (McIntyre and Shepherd,
1987).
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The perturbations imposed on the Lamb quadrupolar vortex are motivated by recent experimental
observations in quasi-two dimensional uids (rotating or strati�ed): (1) The ‘corner vortex’ formed
during the early stages of spin-up in a rectangular container (e.g. van de Konijnenberg, 1995) –
The vortex approximately occupies one quarter of a circle and is surrounded by a ow with uniform
vorticity. As a �rst approximation, Suh (1993) modelled this vortex with a point vortex placed in
a free-slip 90◦-corner subject to a strain ow. A single quadrant of the Lamb quadrupole provides
the distributed-vorticity version of this model. (2) The head-on collision of two dipolar vortices in
an otherwise quiescent uid (van Heijst and Fl�or, 1989; Velasco Fuentes and van Heijst, 1995) –
The Lamb quadrupole solution, after the removal of the background ow, approximates well the
ow �eld observed at the moment of partner exchange (e.g., Velasco Fuentes and van Heijst, 1995).
(3) The head-on collision of a dipole with a plane wall (van Heijst and Fl�or, 1989; Carnevale et al.,
1997) – A Lamb-quadrupole half approximates the vorticity distribution observed when the dipole
hits the wall.
The rest of the paper is organized as follows: the Lamb vortex solutions are reviewed in Section 2;

the evolution of a perturbed Lamb quadrupolar vortex is studied in Section 3; a point-vortex
quadrupole model is discussed in Section 4; �nally, a summary and some conclusions are given
in Section 5.

2. The Lamb quadrupolar vortex

The evolution of a two-dimensional, incompressible, inviscid ow obeys the following equation:

@!
@t

− J ( ; !) = 0; (1)

where  is the stream function de�ned by (u; v) = ( y;− x), ! = vx − uy is the component of the
vorticity normal to the ow, and J (A; B) = AxBy − AyBx is the Jacobian operator. Because of these
de�nitions, the following Poisson equation also holds:

∇2 =−!: (2)

In the steady state, (1) reduces to J ( ; !)=0, which is identically satis�ed by a relation of the form
!= F( ), where F is any di�erentiable function. The character of the function F has raised much
interest because it may determine the stability of the ow [Maxwell (1855) (quoted by Meleshko and
van Heijst, 1994), Arnol’d (1969)]. In recent years, numerous investigations (experimental as well
as theoretical) have established that for long-lived vortices F is usually a linear or weakly non-linear
function (e.g., Couder and Basdevant, 1986; Nguyen Duc and Sommeria, 1988; Montgomery et al.,
1992) although examples of strongly non-linear functions also exist (McWilliams and Zabusky,
1982). Lamb (1932) proposed a linear relation between vorticity and stream function, most probably
because the assumption of a linear F leads to an analytically tractable problem. Indeed, the use of
!= k2 and polar coordinates in Eq. (2) leads to the Bessel equation
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If one further assumes that ! 6= 0 in r ¡a and !=0 in r¿a, the former equation has solutions of
the form

 i = CJn(kr) sin n�; for r ¡ a; (3)

 e =
A
n

[
rn −

(
a2

r

)n]
sin n�; for r¿a; (4)

for n= 1; 2; 3 : : : and A an arbitrary constant. The condition that the circle r = a must be a stream-
line of both  i and  e implies that Jn(ka) = 0. The value of ka is usually chosen to be equal to the
�rst zero of the corresponding Bessel function. This is done in order to avoid changes of vorticity
sign in the radial direction, which leads to vortex instability at least for n = 1 (Orlandi et al.,
1994). Finally, the value of C is obtained by imposing continuity of the azimuthal velocity at r= a,
yielding

C =
2Aan−1

k Jn−1(ka)
:

The case n = 1 was obtained independently by Lamb and Chaplyguin about one century ago
(see Meleshko and van Heijst, 1994). This is the well-known dipolar vortex, which consists of
two counter rotating vortices closely packed within a circular region translating with uniform speed
(or stationary when embedded in a uniform ow in the opposite direction). Dipolar vortices that
strongly resemble this analytical solution (in the vorticity pro�le, the dispersion relation, and the
linear !– relation) have been observed in a variety of experimental circumstances (Couder and
Basdevant, 1986; Nguyen Duc and Sommeria, 1988; Fl�or and van Heijst, 1993; Velasco Fuentes
and van Heijst, 1994). These laboratory experiments, as well as many numerical studies, show that
the dipolar vortex is a stable solution of the two-dimensional Euler equations; this, however, has not
been proved analytically.
With n= 2 Eqs. (3)–(4) yield

 i =
2Aa

k J1(ka)
J2(kr) sin 2�; (5)

 e =
A
2

(
r2 − a4

r2

)
sin 2�: (6)

The vorticity is given by ! = k2 i and the dispersion relation is �a ≈ 5:1356. Consequently, the
interior ow consists of four counter rotating vortices closely packed within the circle r ¡a, whereas
the exterior ow is a linear strain �eld of intensity A, owing around the circular boundary of
the vortex. Owing to its geometry, this solution may be called a ‘quadrupolar vortex’ or simply
‘quadrupole’ (see Fig. 1a).
The quadrupole’s maximum vorticity, !max ≈ 14:71A, depends only on the intensity of the back-

ground ow, and not on the size of the vortex; in contrast, the dipole’s maximum vorticity depends
on both: !max ≈ 11:07U=a. The circulation in each sector of the quadrupole is � ≈ 4:6Aa2; for the
dipole it is � ≈ 6:83Ua:
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Fig. 1. Streamline patterns of (a) the Lamb quadrupole given by Eqs. (5) and (6), and (b) the corresponding point-vortex
model (see Section 4). The �lled circles represent positive vorticity centroids, the open circles represent negative vorticity
centroids, and the thick lines are the separatrices. In these graphs the exterior uid ows towards the vortex along the
horizontal separatrix (the strain stable axis) and away from it along the vertical separatrix (the strain unstable axis).

3. Evolution of a perturbed Lamb quadrupole

In this section the evolution of the quadrupolar vortex is studied numerically after a perturbation
is imposed on the analytical solution (5), (6). The outline of the vortex-in-cell method used to
solve the Euler vorticity equation is the following (see, e.g., Hockney and Eastwood, 1981): The
initial vorticity �eld !(x; y) is represented by a set of point vortices distributed along stream lines
of the unperturbed quadrupole, in a way which ensures that the area s represented by each point
vortex is equal (the circulations are thus �k = s!(xk ; yk), where (xk ; yk) is the point-vortex position).
The ow evolution is supposed to take place within a rectangular region covered by a Cartesian
grid; the vorticity on grid points is calculated by bilinear interpolation of each point-vortex circu-
lation and the stream function is obtained by inverting the Poisson equation ∇2 = −! with the
Fourier Analysis and Cyclic Reduction method. The velocity �eld is evaluated from the stream
function using a three-point centred-di�erences scheme; then the velocity of each point vortex
is determined with the same bilinear interpolation used to obtain the vorticity on the grid. Fi-
nally, the positions of the point vortices are advanced in time using a second order Runge–Kutta
scheme.
In all calculations discussed below the vorticity �eld was represented by 19596 point vortices dis-

tributed on 120 streamlines and on the four vorticity centroids; the computational grid had 128×128
square cells; and the radius of the quadrupole was equal to ten cells.
The theoretical and experimental results discussed in the Introduction motivated the study of the

Lamb quadrupole under the following perturbations and constraints:
(1) A deformation of the vortex shape into an ellipse with axes aligned with the strain axes:

Owing to the preserved symmetries, the dynamics is equivalent to that of a vortex placed in a
free-slip 90◦-corner subject to a strain ow (Fig. 2a).
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Fig. 2. Schematic representation of the perturbations imposed to the Lamb quadrupole: (a) Elliptic deformation of the
vortex, (b) removal of the strain ow, (c) symmetric shift of two oppositely signed sectors, and (d) rotation of the vortex
with respect to the strain �eld.

(2) The removal of the background strain �eld: This initial condition resembles the collision of
two dipolar vortices, in an otherwise quiescent uid, at the moment of partner exchange (Fig. 2b).
(3) A symmetric shift of two oppositely-signed sectors: Owing to the preserved symmetry, the

dynamics is equivalent to that of a dipolar vortex moving towards or away from a straight free-slip
wall subject to a strain ow (Fig. 2c).
(4) A rotation of the vortex with respect to the strain axes: Since the two reection symmetries

are lost, this can be considered as a simple example of an arbitrary perturbation. Therefore it is used
to show that the Lamb quadrupolar is unstable.

3.1. Elliptic deformation

Fig. 3a shows a quadrupolar vortex perturbed by deforming its shape into an ellipse so that
the reection symmetries with respect to both strain axes are preserved. In this particular case the
eccentricity e is equal to 0:25, where e is de�ned as (a− b)=a, with a and b the major and minor
axis, respectively. Because of the initial symmetries, the dynamics of this system is equivalent to
that of a single vortex placed in a 90◦-corner with free-slip walls. It may thus be considered that
vortex I is the only ‘real’ vortex, whereas vortices II, III and IV are the image vortices needed to
satisfy the boundary condition at the wall.
The elliptic deformation makes the vorticity centroids I and IV approach each other, and the

same happens to vorticity centroids II and III (Fig. 3a). Therefore the self-induced velocity of each
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Fig. 3. Evolution of a Lamb quadrupole perturbed by deforming the vortex into an ellipse (as in Fig. 2a); the eccentricity
of the ellipse here is e=0:25. The stages shown correspond to (a) t=0, (b) 1.17T , (c) 2.34T , (d) 3.51T , (e) 4.68T and
(f) 8.19T ; where T =2�=!max and !max is the maximum vorticity. Each point vortex used in the vortex-in-cell simulation
is represented by a dot; the point-vortex intensities are represented by their gray level. The scale goes from white for
the strongest vortices (positive or negative) to black for the weakest positive vortices and gray for the weakest negative
vortices.

‘couple’ exceeds the opposing advection of the background �eld; the couples I–IV and II–III thus
tend to move in opposite directions along the stable axis of the strain �eld (Fig. 3b). The couples,
however, are broken-up soon after they start to translate (Fig. 3d). Following this event, each vortex
is advected towards the strain unstable axis until vortices I and II encounter along one branch of
this axis and vortices III and IV encounter along the other branch (Fig. 3e). Now the self-induced
velocity of couples I–II and III–IV exceeds the advection of the strain and they move back to the
center where they collide (Fig. 3f). After this collision the process starts again.
The qualitative behavior of the quadrupole for initial eccentricities as large as e=0:8 is the same

as the one shown in Fig. 3. This is most clearly observed by looking at the trajectories of one
vorticity centroid, e.g., the trajectories of vortex I (Fig. 4). For the sake of clarity the trajectories
show only the �rst cycle of the evolution described above, except for the trajectory corresponding
to e = 0:6 which is shown up to the second cycle. In all cases the vortex centroid turns around its
unperturbed position with an amplitude which decreases in time. These damped motions are probably
the result of the vorticity shedding that occurs each time the vortices describe one loop. Notice, for
instance, that a signi�cant amount of uid is detrained along the unstable direction of the strain �eld
between the stages shown in Fig. 3e and f. Although this uid only contains low-valued vorticity,
the loss seems to be enough to reduce the amplitude of the loops.
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Fig. 4. Trajectory of vorticity centroid I as a function of the quadrupole’s initial eccentricity. The centroid’s initial
positions (indicated by circles) correspond to eccentricities e = 0:1; 0:2; : : : ; 0:8; the centroid position in the unperturbed
state is indicated by a �lled circle.

3.2. Removal of the strain ow

The removal of the strain ow destroys the circular streamline (see Fig. 1), but leaves the straight
streamlines unchanged. The preservation of these lines and the symmetric vorticity distribution en-
ables us to analyze the dynamics of this quadrupolar vortex either as that of a single vortex placed in
a 90◦-corner or as a couple of vortices attached to a plane wall. It turns out to be more illuminating
to use the latter description. Therefore, the evolution of vortices I and IV in the half plane x¿ 0
is shown in Fig. 5. Fig. 5a shows the initial condition, which is exactly the same as that of an
unperturbed quadrupolar vortex, except that here the self-induced velocity of the couple I–IV is not
balanced by the background strain �eld. Therefore the couple moves along a straight line which
coincides with the strain stable axis of the unperturbed state; as the dipole moves, it leaves behind
a thin tail of low-valued vorticity, as can be seen in Fig. 5b–e. The total mass in the tail represents
about 20% of the original mass within the couples; whereas the average magnitude of the vorticity
in the tail is about 5% of the quadrupole’s maximum vorticity.
Some questions about these emerging dipoles naturally arise: do they become uniformly translating

shape-preserving structures? And, if this is the case, what kind of vorticity distribution do they have?
The time evolution of the x and y coordinates of the vorticity centroid I suggests an a�rmative

answer to the �rst question. The values of x and y are shown with open and �lled circles in Fig. 6a,
respectively; the straight lines were least-square �tted to the data. The behavior of the x-coordinate
indicates that the vortex pair accelerates until it reaches a uniform speed; similarly, the evolution of
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Fig. 5. Evolution of a Lamb quadrupole perturbed by removing the background strain ow (as in Fig. 2b). The stages
shown correspond to (a) t = 0, (b) 2.25T , (c) 4.5T and (d) 6.75T . The value of T and the gray scale are the same as
in Fig. 3.

the y-coordinate indicates that the intercentroid distance decreases until it reaches a constant value.
This uniformly translating, shape-preserving state is reached rapidly, before the dipole has travelled
a distance equal to one diameter of the original quadrupole.
The evolution of the vorticity pro�le is shown in Fig. 6b. The vorticity values were computed

along sections passing through vorticity centroids I and IV by bilinear interpolation of grid values.
The thin line represents the initial vorticity distribution; the markers represent ten pro�les computed
at regular intervals of 2:25T after the initial time (T = 2�=!max, where !max is the quadrupole’s
maximum vorticity); and the thick line is the vorticity pro�le of a Lamb dipolar vortex computed
analytically. This �gure shows that the vorticity pro�le changes strongly after the breakup but it
soon reaches an almost invariant shape; this �nal pro�le strongly resembles the vorticity pro�le of
a Lamb dipolar vortex.
Fig. 6 suggests the transformation of a Lamb quadrupole into two Lamb dipoles. There are,

however, several quantities which must be conserved during the evolution of this two-dimensional
inviscid uid: the vorticity of a material particle, the area enclosed by a material line and, conse-
quently, the Kelvin circulations. Therefore, if a Lamb quadrupole were to transform exactly into two
Lamb dipoles, any vorticity isoline in the original structure should correspond to the same vorticity
isoline in the newly formed dipole. Furthermore, the area enclosed and the circulation around each
line should be the same.
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Fig. 6. (a) Time evolution of the x and y coordinates of the vorticity centroid I of Fig. 5, represented by circles and
dots, respectively. The lines were least-squares �tted to the data in the range 3T ¡ t ¡ 18T (to avoid the break-up stage
and the e�ect of the dipole reaching the boundary of the computational domain). (b) Evolution of the vorticity pro�le
in a section joining the vorticity centroids. The initial pro�le is represented by a thin line; the pro�les at ten subsequent
stages are represented by markers. The thick line is the vorticity pro�le of a Lamb dipolar vortex.

Table 1
Parameters of the emerging dipolar vortexa

A aq U ad !d max k kad=3:8317 !d maxad=11:07U

1.0 1.0 1.00 0.75 14.32 5.56 1.09 0.97
1.0 1.5 1.48 1.05 14.51 3.70 1.02 0.93
1.0 2.0 1.94 1.45 14.88 2.77 1.05 1.00
1.5 1.0 1.50 0.75 21.48 5.56 1.09 0.97
1.5 1.5 2.22 1.05 21.77 3.70 1.02 0.93
1.5 2.0 2.91 1.45 22.32 2.77 1.05 1.00
2.0 1.0 2.00 0.75 28.64 5.56 1.09 0.97
2.0 1.5 2.97 1.05 29.03 3.70 1.02 0.93
2.0 2.0 3.88 1.45 29.76 2.77 1.05 1.00
aNote: Parameters of the emerging dipolar vortex (translation speed U , vortex radius ad, and !– function slope k) as
functions of the parameters of the Lamb quadrupolar vortex (maximum vorticity !q max ≈ 14:71A and radius aq).

Fig. 7 shows the circulation (�) around a vorticity isoline and the area (S) enclosed by it, as a
function of the vorticity value (!) of that isoline. In order to compare the quadrupole to the dipole,
! is scaled by its maximum value in each structure and S by �a2=2n, where a is the vortex radius
and n = 2 for the quadrupole and n = 1 for the dipole. The functions �(!) and S(!) computed
for the quadrupole (dashed lines) are very similar, but not equal, to the functions �(!) and S(!)
computed for the dipole (continuous lines). This means that a Lamb quadrupole may transform
into two dipolar structures with a vorticity distribution similar, but not equal, to that of a Lamb
dipole.
A series of numerical experiments was performed to investigate further this transformation. Table 1

shows how the parameters of the emerging dipole depend on the radius (aq) and the maximum
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Fig. 7. Circulation � and area S as a function of the value of the vorticity contour ! (see text). The functions �(!) and
S(!) corresponding to the Lamb dipolar vortex are represented by continuous lines, those of the Lamb quadrupole are
represented by broken lines. Owing to the scaling, S(0) = 1 in both cases (see text).

vorticity (!max) of the quadrupole – although A is given instead, because !max ≈ 14:71A. The
speed U and radius ad of the dipole were computed by least-square �tting to the data x(t) and
y(t) as in Fig. 6a whereas the constant of proportionality k2 between vorticity and stream function
was computed by least-square �tting to the !– scatter plots. If the emerging vortices were Lamb
dipoles then they should satisfy the dispersion relation, kad ≈ 3:8317; and the relation which gives
the maximum vorticity, !max ≈ 11:07U=ad : As can be seen in the last two columns of the table,
neither of this relations is satis�ed: The entries are di�erent from unity. The possibility that this
deviations are due to numerical dissipation is ruled out by analyzing the speeds of the emerging
dipole. The dissipation makes the structure broader and smooths the vorticity pro�le; each of these
e�ects causes a reduction of the dipole speed. In contrast, the simulations of Table 1 show a propa-
gation speed which is 3–6% higher than expected from an inviscid, area-preserving transformation.
This increase can be explained by the loss of mass (up to 20%), which implies that the vorticity
centroids are closer than expected and, consequently, that the self-propagation speed of the dipole is
higher.

3.3. Symmetric shift

Fig. 8a shows a Lamb quadrupole perturbed by symmetrically shifting vortices I and IV so that
the strain stable axis remains as a symmetry line. Because of this symmetry, the dynamics of this
system is equivalent to that of one-half of a Lamb quadrupole attached to a straight free-slip wall;
hence only the evolution of vortices I and II is considered in the discussion below.
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Fig. 8. Evolution of a Lamb quadrupole perturbed by symmetrically shifting sectors I and IV (as in Fig. 2c), the shift
here is (|�x|; |�y|) = 0:09a(1; 1); where a is the quadrupole radius. The strain stable axis is a symmetry line; therefore
only the upper half plane is displayed. The stages shown correspond to (a) t = 0, (b) 2.34T , (c) 4.68T , (d) 7.02T , (e)
9.36T and (f) 11.7T . The value of T and the gray scale are the same as in Fig. 3.

Fig. 8a shows the initial condition, with vortex I shifted away from its unperturbed position by
a distance (�x; �y) = 0:09a(1; 1), where a is the quadrupole radius. Vortex I is strongly deformed
and it loses a large amount of uid while being advected away from the strain stable axis (Fig.
8b–d); �nally, the surviving core undergoes a process of axisymmetrization (Fig. 8e). In contrast,
vortex II preserves almost all its mass and acquires an elliptical shape while being advected away
from the strain stable axis (Fig. 8b–e). Neither of these two monopolar vortices is destroyed by the
background ow, at least until they reach the boundary of the numerical domain.
If the Lamb quadrupole is perturbed by shifting vortices III and IV, so that the strain unstable

axis remains as a symmetry line, the resulting evolution is completely di�erent; as it is shown in
Fig. 9 (where only vortices I and IV are displayed). Fig. 9a shows the initial condition, with vortex
IV shifted away from its unperturbed position by a distance (�x; �y) = 0:09a(1;−1). Vortex IV
is immediately pushed towards the strain unstable axis while undergoing a moderate �lamentation
(Fig. 9b); some �laments are wrapped around vortex I whereas some are advected and stretched
along the strain unstable axis (Fig. 9c). The two vortices get closely attached to each other and
translate along the ‘wall’ while alternatingly approaching it and moving away from it.
A general view of the quadrupole’s evolution under this perturbation is given by the evolution

of the vorticity centroids only; but rather than looking at trajectories in the physical plane, it is
more illuminating to look at trajectories in the three-dimensional space [y1; y2; (x1 − x2)=2], where
(x1; y1) and (x2; y2) are the coordinates of vorticity centroids I and II, respectively. [N.B. When the
shift is made as in Fig. 9 (x1; y1) and (x2; y2) are the coordinates of vorticity centroids I and IV,
respectively, after the transformation (x; y) → (y;−x), so that the x coordinate always measures
distance along the symmetry axis or ‘wall’].
Fig. 10 shows some examples of trajectories in this space. There is a single �xed point which

corresponds to the unperturbed state. The plane y1 = y2 represents the dynamics of a vortex in a
90◦ corner (see Fig. 4); therefore the trajectories in that plane rotate around the �xed point. All
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Fig. 9. Same as in Fig. 8 but now the sectors shifted are III and IV; therefore the strain unstable axis is a symmetry line
and only the right-hand half plane is shown.

Fig. 10. Trajectories of the vorticity centroid in the three-dimensional space [y1; y2; (x1− x2)=2]; for di�erent initial shifts.
The �lled circle indicates the position of the vorticity centroid in the unperturbed state. The thick black line starting at
this point corresponds to a shift (�x; �y)= 0:005a(1;±1) of vortices I and IV; the second thick black line represents both
the shift of Fig. 9 (the trajectory moves towards the plane y1 = y2) and the shift of Fig. 8 (the trajectory moves away
from the plane y1 =y2). The thin gray curves lie entirely in the plane y1 =y2 (see Fig. 4); the thick gray lines are mirror
images of the black curves with respect to this plane.
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Fig. 11. Evolution of a Lamb quadrupole perturbed by a small rotation of its axis with respect to the strain �eld (as in
Fig. 2d); the angle here is � = �=200. The stages shown correspond to (a) t = 0, (b) 2.34T , (c) 4.68T , (d) 7.02T , (e)
9.36T and (f) 15.21T . The value of T and the gray scale are the same as in Fig. 3.

trajectories starting at any point of the space move towards this plane if the ‘wall’ coincides with
the strain unstable axis, as in Fig. 9; in contrast, all trajectories move away from the plane y1 = y2
if the ‘wall’ coincides with the strain stable axis, as in Fig. 8.

3.4. Rotation

Fig. 11 shows the evolution of a Lamb quadrupole perturbed by rotating it with respect to the strain
ow. This con�guration does not preserve any reection symmetry; therefore it can be considered as
a simple example of an arbitrary perturbation. Fig. 11a shows the initial condition; the inclination is
hardly visible because the rotation angle is small: �=�=200. After some oscillations of the quadrupole
(frames b,c), vortices II and IV merge into a single monopole while vortices I and III are stretched
into �laments along the strain unstable branches (frame f). The monopolar vortex II–IV turns out
to be stable.
Many numerical experiments, including some with much smaller perturbations, show that the

quadrupole is always destroyed. The �nal result is always a monopolar vortex formed by merg-
ing of two like-signed vortices and thin �laments formed by the stretching of the other two vor-
tices. The vorticity sign of the surviving vortex is, however, sensitive to the initial value of the
perturbation.
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4. A point vortex model

The equations of motion of a system of four point vortices embedded in a linear strain ow
 = Axy are

dxi
dt
=− 1

2�
∑
j(6=i)

�j(yi − yj)
r2ij

+ Axi; (7)

dyi

dt
=
1
2�
∑
j(6=i)

�j(xi − xj)
r2ij

− Ayi; (8)

where j = 1; : : : ; 4, and r2ij = (xi − xj)2 + (yi − yj)2: This system is stationary if the vortices have
circulations �;−�; �, and −�; they are located at the corners of a square of side 2d centered at the
origin; and the intensity of the strain �eld is A=−�=8�d2 (Fig. 1b).
As it is shown in Fig. 1, the stream function of this point-vortex system has the same topology

as that of a Lamb quadrupole. Both stream functions have nine �xed points: Four of elliptic type,
at the position of the point vortices (or vorticity centroids); and �ve of hyperbolic type, one at the
origin and four on the axes of the strain ow. The closed separatrix of the point-vortex system,
however, is not a circle (compare frames a and b).
It can be easily shown that this con�guration is linearly unstable; nevertheless, it is illuminating

to compare the evolution of this point-vortex model with that of a Lamb quadrupolar vortex, under
the same type of perturbations. Therefore, in the perturbed state the point vortices are located at the
corners of the following �gures: (1) A rectangle centered at the origin with sides parallel to the
strain ow (Fig. 2a), (2) a square centered at the origin, but with no strain ow (Fig. 2b); (3) a
trapezoid with its axis aligned with one of the strain axes (Fig. 2c); and (4) a square rotated with
respect to the strain axes (Fig. 2d).

4.1. Elliptic deformation

This system has the same symmetries as the elliptically deformed Lamb quadrupole (Section 3.1),
the dynamics is thus equivalent to that of a single point vortex moving in a free-slip 90◦ corner
subject to a background strain ow. This constraint reduces the original system of eight equations
of motion (7)–(8) to the following two (Suh, 1993):

dx
dt
=

@	
@y

;
dy
dt
=−@	

@x
; (9)

where

	 =− �
4�

[
1
2
log (x2 + y2)− log (xy) + 2xy

d2

]
for x; y¿ 0: (10)

This stream function, or Hamiltonian, has only one �xed point and this is of elliptic type. There-
fore, for any aspect ratio of the initial rectangle, the subsequent motion of each vortex is a periodic
rotation around its equilibrium position (Suh, 1993). The contour levels of 	, which are also tra-
jectories of point vortex I, are shown in Fig. 12. Except for the outermost curve, which corresponds
to an initial eccentricity e = 0:9, all trajectories shown correspond to the same initial eccentricities
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Fig. 12. Trajectory of point vortex I as a function of the initial eccentricity of the con�guration (see text). The trajectories
shown correspond to initial eccentricities e = 0:1; 0:2; : : : ; 0:9; the vortex position in the unperturbed state is indicated by
a �lled circle. The trajectories are also level curves of the Hamiltonian function 	 [see Eqs. (9) and (10)].

as those used for the Lamb quadrupole. Vortex centroid I (Fig. 4) and point vortex I (Fig. 12) turn
around the equilibrium point in an anticlockwise sense; the former rotates with a decreasing period
and approaches the equilibrium point, whereas the later performs periodic rotations along a �xed
path.
Some numerical simulations were done to study the evolution of the passive uid initially located

inside the closed separatrix. It was found that there is a periodic shedding of uid along the strain
unstable axis, in a way similar to the detrainment of active uid by the Lamb quadrupole (see
Fig. 3). The amount of uid expelled, which is the same during each period, can be computed as a
function of the eccentricity e using ‘lobe dynamics’ (see e.g., Rom-Kedar et al., 1990).

4.2. Removal of the strain ow

It was said above that the point vortices �;−�; �;−�; are stationary if and only if the following
conditions are satis�ed: (a) They are located at the corners of a square of side 2d centered at the
origin, and (b) the intensity of the strain ow is A=−�=8�d2. If the strain �eld has a smaller value,
the vortices will simply rotate periodically around the new equilibrium position which corresponds
to the weaker strain. In the limit of zero background ow two point-vortex couples will emerge,
moving in opposite directions. The couples rapidly reach a state of approximately uniform speed
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and they undergo negligible changes of size, as can be seen from the equations of motion of point
vortex I:

ẋ =
�
4�

(
1
y
− y

x2 + y2

)
;

ẏ =
�
4�

(
−1

x
+

x
x2 + y2

)
:

Numerical simulations were done to study how the passive uid initially located inside the closed
separatrix (see Fig. 1b) is advected by the escaping vortex couples. It was found that the two pairs
take with them about 70% of this uid; the rest is left behind within tails similar to those formed
during the break-up of a Lamb quadrupole (see Fig. 5).

4.3. Symmetric shift

This system has the same symmetries as the Lamb quadrupole with two oppositely signed sectors
shifted symmetrically (Section 3.3). Therefore, the dynamics is equivalent to that of a point-vortex
dipole approaching a free-slip wall subject to an outgoing strain ow (as in Fig. 2b). This constraint
reduces the original system of eight equations of motion (7), (8) to the following three (if one
considers only the motion in the half-plane y¿ 0):

dy1
dt
=− �

2�

(
2z
I−

− 2z
I+

− y1
4d2

)
; (11)

dy2
dt
=− �

2�

(
2z
I−

− 2z
I+

− y2
4d2

)
; (12)

dz
dt
=

�
2�

(
1
4y1

+
1
4y2

− y1 + y2
I+

− z
4d2

)
; (13)

where z = (x1 − x2)=2 and I± = 4z2 + (y1 ± y2)2, with (x1; y1) and (x2; y2) the coordinates of point
vortices I and II. Note that replacing � by −� is equivalent to changing all ow directions in
Fig. 2b; that is to say, the system represents also the dynamics of a point-vortex dipole leaving a
free-slip wall subject to an incoming strain ow.
The only �xed point of this system is (y1; y2; z) = d(1; 1; 1) (it is represented by the �lled circle

in Fig. 13). This �xed point has the following stability matrix:

M =
�

16�d2


 1 −1 8
−1 1 8
−2 −2 0


 :

The eigenvalues are �(1; 2
√
2i;−2√2i)=8�d2; therefore, the �xed point is linearly stable when �¡ 0,

and linearly unstable otherwise. Besides, the eigenvalues and their associated eigenvectors determine
the geometry of the whole phase space (Fig. 13). The complex eigenvectors de�ne the plane y1=y2,
where trajectories are closed curves (represented in Fig. 13 by thin grey lines); notice that this plane
corresponds to the phase plane of a point vortex moving in a 90◦-corner. The real eigenvector de�nes
the manifold of the �xed point, which is unstable for �¿ 0 and stable for �¡ 0; this manifold is



30 O.U. Velasco Fuentes / Fluid Dynamics Research 26 (2000) 13–33

Fig. 13. Phase space of the system (11)–(13). The �lled circle indicates the position of the �xed point of the system;
the thick black line which starts there is, for �¿ 0, the unstable manifold of the �xed point (for k ¡ 0 it is the stable
manifold). The thin gray curves are trajectories entirely contained in the plane y1 = y2 (which is the same plane as in
Fig. 12); all other trajectories spiral away from or towards the plane y1 = y2 depending on the sign of �.

represented in Fig. 13 by the thick lines which start at the �xed point. All other trajectories in
phase-space spiral towards the plane y1 = y2 when �¡ 0, and away from it when �¿ 0.
This phase space is remarkably similar to the ‘phase space’ of the Lamb quadrupole with two

oppositely signed sectors shifted symmetrically (Fig. 10). The trajectories represented with thick
lines in Figs. 10 and 13 correspond to the same initial conditions in both systems.

4.4. Rotation

Small perturbations of this type make the con�guration oscillate – each vortex moving around its
equilibrium position – until they move apart along the unstable direction of the strain �eld. Since
the point-vortex quadrupole is linearly unstable, all initial rotations, however small, will eventually
produce the break-up of the structure.

5. Summary and conclusions

The Lamb vortices are circular structures where the ow is divided in an even number of sectors
of vorticity with alternating sign; in the exterior region there is a potential ow around the circular
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boundary of the vortex. The evolution of the quadrupolar vortex is studied numerically with a
vortex-in-cell method. The initial conditions are such that the perturbed quadrupole preserves two,
one, or none of the symmetries of the unperturbed state.
The �rst perturbation transforms the circular quadrupolar vortex into an elliptic one, with axes

parallel to the strain ow axes. It is found that the vortex survives as a quadrupolar structure, even
for large values of the eccentricity (e = 0:8); the vortex simply pulsates quasi-periodically with a
decreasing amplitude. During each pulsation uid is detrained from the vortex and advected along
the strain unstable axis. Since the two reection symmetries are preserved by this con�guration,
these results apply also to a monopolar vortex placed in a 90◦-corner with free-slip walls subject to
a strain ow. This vortex is, therefore, stable.
The second perturbation is the removal of the background strain ow. As a result, the quadrupolar

vortex breaks up in two dipolar structures which, after a short adjustment period, translate uniformly
without change of shape. The vorticity pro�le and the dispersion relation of these structures are
similar, but not equal, to those of the Lamb dipolar vortex. (It can also be stated, by reversing
the time arrow, that the collision of two Lamb dipoles leads, at the point of closest approach,
to a vorticity distribution which is similar to that of a Lamb quadrupole.) Notice that all vortex
solutions given by (3), (4) include a background potential ow which makes them stationary. The
key di�erence between the dipolar vortex (n= 1) and the rest of the family (n¿ 1) is that without
its background ow the dipolar vortex translates uniformly without change of shape, whereas the
other vortices break up in n dipolar structures.
The third perturbation is a shift of two vortex sectors preserving the reection symmetry with

respect to one strain axis. If the strain unstable axis is kept as the symmetry axis, the quadrupolar
vortex survives and translates along this axis while pulsating like the elliptic quadrupole described
above. In contrast, when the strain stable axis is kept as the symmetry axis, the quadrupole is
destroyed; in the �nal state two unequal monopolar vortices are advected along each branch of the
strain unstable axis.
Finally, the quadrupolar vortex is perturbed by rotating it with respect to the strain axes. Since

both reection symmetries are broken, this perturbation can be considered as a simple example of
an arbitrary perturbation. This initial state always leads to the destruction of the quadrupolar vortex.
Two sectors of equally signed vorticity merge to form an elongated vortex in the centre of the strain
�eld, while the other two sectors are stretched until they are reduced to thin �laments along the
strain unstable axis.
All these perturbations were also prescribed on a point-vortex model of the quadrupolar vortex.

This simpli�ed system is more accessible to an analytical treatment and, as it turns out, it re-
produces the main features described above for the continuous solution. The analogy between the
stability=instability properties of a system of singularized vortices and its distributed-vorticity coun-
terpart has also been observed in other vortex con�gurations: the dipolar vortex on the �-plane
(Kono and Yamagata, 1977; Makino et al., 1981), the tripolar vortex (Aref, 1989; van Heijst
et al., 1991), and the triangular vortex (Carnevale and Kloosterziel, 1994). In all this cases the
stability=instability properties of the point-vortex system have been proved analytically, whereas
those of the continuous system are revealed by numerical simulations. According to these, a struc-
ture with continuously-distributed vorticity is stable when its point-vortex counterpart is well within
its stability basin, but it becomes unstable if its point-vortex counterpart approaches the boundary of
its stability basin.
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The similarities between the dynamics of multipolar vortex structures and that of systems of point
vortices can be intuitively explained by separating the former in external and internal dynamics
(Nycander, 1992). The external dynamics involves the interaction between the vortices that form
the multipolar structure; this part is given approximately by a point-vortex system. The internal
dynamics involves the perturbations within each vortex, this part is governed mostly by the vorticity
distribution within each vortex. If both the internal and the external dynamics are stable then the
multipolar vortex structure is stable, but if any of them is unstable then the structure is unstable.
All vortex structures mentioned above, as well as the quadrupolar vortex studied here, have a

stable internal dynamics because they are formed by vortices with a monotonically decreasing radial
pro�le of vorticity. Their stability=instability properties are thus strongly determined by the external
dynamics, i.e. they are analogous to those of the corresponding point-vortex system.
Strictly speaking, the separation of the dynamics is valid only if the distance between the vortices

is large compared with the radius of each of them. Obviously, this condition is violated here; the
numerical results suggest, however, that the separation is still valid, most probably because the outer
strips of low-valued vorticity in each vortex plays a secondary role in the dynamics.
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