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Abstract. Particle advection by two equal vortices under the influence of a background-
vorticity gradient (β) is studied using a dynamical systems approach. The velocity field is
a data set obtained by numerically solving the Euler equation with a vortex-in-cell model.
Two methods are used to identify finite-time invariant manifolds: the first one relies on the
use of Eulerian information and applies to flows with slowly moving stagnation points; the
second one combines Eulerian and Lagrangian information and does not depend on the
existence of stagnation points. The invariant manifolds are used to quantify the efficiency
of merger, which is defined as the ratio of the area of the resultant vortex to the total area
of the original vortices. It is found that the original vortices always contribute unequally
to the merger or exchange processes. When the vortices are cyclonic the one located to
the pole or west dominates the interaction; and when the vortices are anticyclonic, the
one located to the equator or west is dominant.
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1. Introduction

The interaction of two vortices in a two-dimensional fluid has been the sub-
ject of intense research for the last three decades. Early numerical studies
considered equal vortices with step-like vorticity distribution (i.e. uniform
vorticity inside the vortex and null outside) and were mainly concerned
with determining the critical distance for merger (Zabusky et al., 1979).
Later studies have considered less idealized conditions; for instance the
asymmetry of the interacting vortices, either in the vortex size or the
amplitude of the vorticity (Melander et al., 1987; Dritschel and Waugh,
1992; Yasuda and Flierl, 1997).
In a previous paper (Velasco Fuentes and Velázquez Mu˜´ noz, 2003, here-˜

after referred to as VFVM) we studied the effect of a gradient of background
vorticity (β) on the interaction of two equal vortices. We identified and
characterized regimes of behavior, and explained some of the mechanisms
that lead to their existence. In the present paper I will study the advection
of particles in the velocity field of these vortices, using ideas and methods
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from the theory of transport in dynamical systems. The main objective
is to understand the process of mass exchange between the vortices and
to quantify it. In this respect, this work is related to previous studies of
efficiency of vortex merger (Waugh, 1992; Dritschel and Waugh, 1992) and,
in particular, with my previous work on the chaotic advection by equal
vortices (Velasco Fuentes, 2001, hereafter referred to as VF).
Although here (β = 0) as well as in VF (�� β = 0) the flow is aperiodic,

there are essential differences in the flow evolution which call for the use of
different methods of analysis. When β = 0 the geometry of the instantan-
eous velocity field is known, in a qualitative way, for the whole evolution.
In the initial stages the flow has three stagnation points of hyperbolic type
when viewed in a frame of reference moving with the vortices. One of these
stagnation points holds a fixed position between the vortices while the other
two rotate quasi-steadily around it at an approximately constant distance.
The flow will behave in this way permanently if the vortices are located
beyond the critical distance for merger. Otherwise, the flow behaves as
described above only in the initial stage, which is followed by a rapid trans-
ition leading to the destruction of the central hyperbolic stagnation point
(the merger event). Finally there is a stage when the flow evolves slowly
again. In this stage two stagnation points rotate quasi-steadily around the
new vortex at an approximately constant distance.
The persistence of the stagnation points facilitates the analysis of trans-

port. For in most cases the flow can be considered as the sum of a steady
part and a small perturbation (with the time dependency being either quasi-
periodic or arbitrary). In such cases some analytic results guarantee that,
under certain conditions, hyperbolic trajectories exist in the neighborhood
of the stagnation points (Haller and Poje, 1998; and Malhotra and Wiggins,
1998). This approach has been very succesful for computing transport tem-
plates for vortex-jet and vortex-vortex interaction problems (see e.g. Poje
and Haller, 1999; and VF).
In contrast, when β �= 0 the instantaneous flow geometry undergoes��

endless qualitative changes, with stagnation points ceaselessly appearing
and disappearing at different locations. Most of these stagnation points will
not leave their mark on the dynamics of particles, whereas some hyperbolic
trajectories will exist where no stagnation points of the instantaneous ve-
locity field are observed. Several methods have been proposed to deal with
these types of flow (Mezić et al., 1999; Haller, 2000; Haller, 2001). Here,
I will use the theoretical results of Haller (2000) in order to detect the
finite-time invariant manifolds.
The rest of the paper is organized as follows: section 2 summarizes

the model equations, the numerical method and the regime definitions of
VFVM, section 3 describes the techniques (and their numerical implement-


