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Abstract This paper describes the motion and the flow induced by a thin tubular vortex coiled on a torus. The
vortex is defined by the number of turns, p, that it makes round the torus symmetry axis and the number of
turns, q , that it makes round the torus centerline. All toroidal filamentary vortices are found to progress along
and to rotate round the torus symmetry axis in an almost steady manner while approximately preserving their
shape. The flow, observed in a frame moving with the vortex, possesses two stagnation points. The stream
tube emanating from the forward stagnation point and the stream tube ending at the backward stagnation point
transversely intersect along a finite number of streamlines. This produces a three-dimensional chaotic tangle
whose geometry depends primarily on the value of p. Inside this chaotic shell there are two major stability
tubes: the first one envelopes the vortex whereas the second one runs parallel to it and possesses the same
topology. When p > 2 there is an additional stability tube enveloping the torus centerline.
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1 Introduction

Smoke rings have been observed for over 200 years in man-made situations (e.g. firing cannons and puffing
steam-pipes) and possibly longer in natural situations (e.g. exhalations of volcanoes and geysers). Already at
the dawn of the XIX century it was recognised that they are whirling masses of fluid, and it was even suggested
that their motion is responsible for their stability and capacity to carry fluid [1]: the “quick rotation of the ring,
from within outwards (…) seems, in some manner or another, as if it kept the parts together.” Fifty years later,
in the epoch-making paper celebrated by this symposium, Helmholtz [2] gave a mathematical explanation of
the motion of ring vortices and provided instructions on how to generate them in a real fluid. In 1867, Kelvin
[7] placed the ring vortex in a prominent position with his hypothesis that matter consists of vortex atoms
whirling in an all-pervading ideal fluid. While pursuing this hypothesis, Kelvin [9] speculated that thin tubular
vortices coiled on a torus could exist as steady structures and that they would be stable “provided only the
core is sufficiently thin.” He characterized the steady motion of the “outer form of the core” (i.e. the surface of
the tubular vortex) as the sum of a progression along and a rotation round the axis of the torus. Kelvin described
the motion inside the vortex as a solid body rotation round the sinuous axis of the filament and characterised the
motion outside the vortex invoking the electromagnetic analogy because this analogy “does much to promote a
clear understanding of the still somewhat strange fluid-motions with which we are at present occupied”. In this
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paper we study the motion and the velocity field of toroidal filamentary vortices. Our purpose is to determine
how they depend on the topology of the vortex.

2 Vortex motion

Following Kelvin’s description we assume that a thin tubular vortex of strength � is uniformly coiled on a
torus whose centerline has a radius r0 and whose cross-section is a circle of radius r1. In Cartesian coordinates
the axis of the filamentary vortex is given as follows:

x = (r0 + r1 cos φ) cos θ,

y = (r0 + r1 cos φ) sin θ,

z = r1 sin φ.

where φ is the angle round the torus centerline and θ is the angle round the torus symmetry axis. They are
given by φ = qs and θ = ps, where p and q are co-prime integers and s is a parameter in the range 0 − 2π .
Hence, before closing on itself, the toroidal filamentary vortex Vp,q makes p turns round the torus symmetry
axis and q turns round the torus centerline. These numbers determine the topology of the vortex, as follows:
when p > 1 and q > 1 the vortex forms a toroidal knot, when either p = 1 or q = 1 the vortex forms a toroidal
unknot. In the latter situation, however, it is useful to make a distinction between toroidal helices (when p = 1
and q > 1) and toroidal loops (when p > 1 and q = 1).

We compute the induced velocities with the Rosenhead–Moore approximation to the Biot-Savart law [6]:

u(x) = − �

4π

∮ [x − r(s)] × ds
[|x − r(s)|2 + µ2a2]3/2 , (1)

where a is the radius of the filament’s cross section and µ is a constant with value 1
2 e−3/4. The filament is

represented by a finite number of material markers, say n, whose value depends on a and the filaments’s length
L . We found that for n > 2L/a the speed of a circular ring is computed within 0.5 % of the analytical value.
We assume the same criterion to represent a toroidal filamentary vortex and thus n varies in the range 150–1500
in the simulations discussed here. Once chosen, the value of n is kept constant during a simulation because
the filaments evolve without undergoing appreciable changes in length or shape. The evolution is computed
with a fourth-order Runge–Kutta scheme with fixed time step.

As predicted by Kelvin [9], all vortices are observed to progress along and to rotate round the torus symme-
try axis. Both components of the vortex motion are approximately uniform. The linear speed, U , is proportional
to p and is almost unaffected by the value of q (Fig. 1, left panel). This behaviour is easily explained as follows:
since r1/r0 = 0.1 the progression speed behaves as if there was a single ring with circulation p� instead of p
loops of a filament with circulation �. As a matter of fact U ≈ 3/4pU0, where U0 is the speed of a circular
ring of strength � and radius r0 [8]:

U0 = �

4πr0

[
log

8r0

a
− 1

4

]
(2)

The angular speed, �, grows with increasing p and decreasing q (Fig. 1, right panel). Note that toroidal
helices (p = 1) rotate in the opposite sense and at a much lower rate than toroidal loops (q = 1); and toroidal
knots rotate in the same sense and at lower rates than toroidal loops.

3 Fluid flow

Toroidal filamentary vortices are almost stationary and of fixed shape when observed in a system which pro-
gresses with speed U and rotates with angular speed �; therefore we will describe the fluid motion in this
co-moving frame. Since r1/r0 = 0.1 the velocity field, away from the immediate vicinity of the vortex, can
be considered as a perturbation of the velocity field of a ring vortex of strength p� and radius r0. The cross
section of this virtual ring vortex should be closer to the cross section of the torus (πr2

1 ) than to the cross
section of the toroidal vortex (πa2). Thus whereas the toroidal vortex is thin, the virtual vortex is fat. This has
important consequences because the speed of fat rings is smaller than that of thin rings (see Eq. 2), and the



Chaotic streamlines induced by toroidal vortices

1 2 3 4 5
1

2

3

4

5

5
5

5

10
10

15
15

p

q

U

1 2 3 4 5
1

2

3

4

5

0

0
0

30
0

30
0

600

p

q

Fig. 1 The motion of toroidal filamentary vortices as a function of p and q . Left U , the speed of linear motion along the torus axis
(scaled by �/4πr0). Right �, the angular speed of rotation round the torus axis (scaled by �/2πr0r1). The black dots indicate
the only points where toroidal vortices exist. The contours of U and � were drawn by interpolation to show how these speeds
change in the parameter space

ring speed determines the geometry of the flow, as was qualitatively described by Kelvin [7] (see, e.g. [6] for a
quantitative analysis). Let us thus describe the flow geometry of a fat ring vortex. The velocity field possesses
two stagnation points, both located on the ring’s symmetry axis. The forward one, P , has a linear attractor and
a planar repellor; the backward one, Q, has a linear repellor and a planar attractor. There is one streamline
that starts infinitely far upstream and ends at P , and one streamline that starts at Q and ends infinitely far
downstream. The two stagnation points are connected by one streamline starting at Q and ending at P , and
by an infinite number of streamlines starting at P and ending at Q. These lines form a surface with the shape
of a flattened spheroid. This stream surface is called separatrix, because the streamlines located inside it are
qualitatively different from those located outside it. While all streamlines are plane curves, the former are
closed whereas the latter are open and of infinite length. From a more physical point of view, the separatrix is
the surface that divides the ambient fluid and the fluid carried by the vortex; that is to say, the separatrix is the
boundary of the vortex “atmosphere”, as Kelvin [7] called the irrotational fluid permanently trapped by the
vortex.

The flow just described is perturbed when we substitute back the toroidal filamentary vortex in place
of the fat ring vortex. In such case the stagnation points survive but the separatrix disappears: instead of a
single surface starting at P and ending at Q, there are now two surfaces. The first one, called the unstable
manifold, starts at P and ends infinitely far downstream; the second one, called the stable manifold, starts
infinitely far upstream and ends at Q. These surfaces must necessarily intersect but, because of the uniqueness
of streamlines, they do so along a finite number of streamlines which start at P and end at Q.

Figure 2 shows a meridional cross section of the stable and unstable manifolds of the toroidal helix V1,5.
None of the curves shown is a streamline: the flow induced by toroidal vortices always has swirl and thus
streamlines are not plane curves. The black curve, which represents the intersection of the unstable manifold,
starts at P and smoothly moves downstream. As it approaches Q it starts to oscillate about the grey curve,
which represents the intersection of the stable manifold. The inverse occurs as the grey curve moves from P to
Q. The existence of this geometric structure, known as heteroclinic tangle, implies that streamlines are chaotic
(see e.g. [10]). The heteroclinic tangle also provides, through the lobe-dynamics mechanism [5], a template
for the wandering of streamlines around different flow regions.

Figure 3 shows meridional cross-sections of the unstable manifold for all toroidal filamentary vortices in
the range 1 < p < 5 and 1 < q < 5. The shape of the manifolds is mainly determined by p, whereas the
value of q is important only for toroidal helices (p = 1). Note, for example, that the shape of the manifold
of the toroidal knot V2,5 is more similar to that of the toroidal loop V2,1 than to the toroidal knot V3,5. As p
grows the oscillations of the unstable manifold start closer to the backward stagnation point Q. When p > 3
the unstable and stable manifolds differ very little (except in the immediate neighbourhood of P and Q) so
that the separatrix is practically restored and the vortex atmosphere looks like that of a fat ring vortex.
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Fig. 2 Meridional cross section of the stable and unstable manifolds (grey and black lines, respectively) for the toroidal helix
V1,5. The circles indicate the intersections of the vortex filament, the black and grey crosses indicate the forward and backward
stagnation points, respectively
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Fig. 3 Cross-section of the unstable manifold as a function of p and q

Fig. 4 Poincaré sections of streamlines induced by toroidal loops: a V3,1, b V4,1 and c V5,1. The black circles represent the
intersection of the filamentary vortex with the Poincaré section

In the vicinity of the filamentary vortex the flow is always very different from that of a ring vortex (fat or
otherwise). We explore the behaviour of the flow in this region with the aid of Poincaré sections. These are
constructed by numerically computing streamlines that start on the meridional semi-plane θ = 0 and plotting
each intersection of these streamlines with the semi-plane (Fig. 4). There are two conspicuous tubes of stability:
the first one envelopes the filamentary vortex whereas the second one runs parallel to it and possesses the same
topology, that is to say, it is a thin tube that closes on itself after the same number of turns, p, round the torus
symmetry line and the same number of turns, q , round the torus centerline. When p = 1, 2 these stability tubes
are embedded in the unbounded chaotic sea generated by the intersections of the manifolds. When p > 2 the
tubes of stability, together with a third stability tube that envelopes the torus centerline, are embedded in a
chaotic sea that is itself bounded by a KAM torus.
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4 Concluding remarks

Our numerical results support Kelvin’s [9] speculation about the existence of toroidal filamentary vortices
which are steady and stable. Since Kelvin did not explicitly mentioned it, one qualification needs to be added
to his description: the filament must lie on a torus with a small aspect ratio. Indeed, the vortex becomes unstable
when the aspect ratio r1/r0 is only slightly larger than the value used in this paper (0.1). On the other hand, the
value of the ratio a/r0 has no influence on the steadiness or stability of the vortices, as long as the thin-filament
assumption remains valid. Some changes do occur as a/r0 decreases from 0.05, the value used in this paper,
to 0.01: the progression speed U increases and though the stability tubes survive their volumes significantly
decrease.

Hence, there most certainly exist toroidal filamentary vortices which are steady and stable solutions of the
Euler equations. Finding the actual analytical form is, however, still an open problem. The opposite is true
for the “localized induction approximation” (LIA). In this case the analytic form of steady solutions has been
found [3] and their stability properties have been determined [4]: they are stable when q > p and unstable
when p > q . But if these LIA vortices are made to evolve under the Biot-Savart law they exhibit a different
quasi-steady motion and are stable for both q > p and p > q [4]. These contradicting results stem from the
limited physical validity of LIA.
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